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1. BBegenue

Teopembr ['€1es1s1 0 HEMOHOTE SIBJIAIOTCS OOIIENIPU3HAHHBIM JOCTHYKEHIEM MaTe-
MAaTUIeCKON MBICTH XX BEKa, 3aJ0KUBITAM (DYHIAMEHT MATEMATHIECKON JIOTHKH.
Meronpt, cozmanmbie [€aemem, OB OTHIM U3 PEITAONINX (DAKTOPOB, IIPUBEIIINX
K TOYHOMY MATEMATHIECKOMY OIPEIE/ICHUIO aJTOPUTMA U, B KOHEYHOM UTOTe, K CO-
3/IAHUIO KOMITHIOTEPOB.

B 10 ke Bpems, o camoii cBoelt mpupoje Teopembl [€1es1s1 3aTparuBaioT BOIpo-
ChI, JIAJIEKO BBIXOJSINNE 33 IIPEJesIbl COOCTBEHHO MaTEMATHUKU U CBS3aHHBIE C Ta-
KAMH BOJIHYIOIIMMH BOOOpaKeHHe TeMaMd, KaK 3arajka IIPUPOIbI YeI0OBEYECKOrO
pasyMma, nmpobJieMa MO3HAHUSI UJIU UCKYCCTBEHHBIN MHTEJIJIEKT. B 3TOM CBOEM Kaue-
cTBe TeopeMbl [ €11e/1s1 — MJIM CKOpee WX MHTEPIIPETaIui — ChIIPAJId 3aMETHYIO POJIb
B (bopMupoBaHuU 0OIEro MHTEIEKTYAJBHOIO KOHTEKCcTa XX Beka. B pesysbrare
TeopeMbl [ €11e/1s1 cTa M OJIHUM M3 CAMBIX U3BECTHBIX 32 IPEJIeJIaMy CaMOil MaTeMa-
THKH MATeMATHICCKUX OTKPBITHI MHUHYBIIETO CTOJETHS. !

Teopemam T'émesist 0 HEMOTHOTE MOCBSIIEHA OOIMMPHENHIIAs JTUTEPATyPa, OT CY-
ry0o CHErUaIbHON /10 IMeJarorudecKoil, HayIHO-TIOMYASPHONR U XYI0KECTBEHHOI.
K mocnemmeit kareropun, B 9YaCTHOCTH, OTHOCSTCS TAKWE€ MUPOBBIE OECTCEIIIEPHI,
kak “Godel, Escher, Bach: the Eternal Golden Braid” Hyrmaca Xodrrraarepa wim
“The Emperor’s New Mind” u “Shadows of the Mind” Pojkepa [lenpoysa. B mo-
pe mHbOpMAINN, TTOCBAIIEHHONW TeopeMmaM [€esa, TpeodagaioT JOCTYIIHBIE JIJTsT
JIOCTATOYHO IIUPOKOIO Kpyra duTaTeliell M3JI0XKeHUs 9THX TeopeM (Ipexe Bcero,
ero 6oJiee mPOCTOl MEPBOH TeopeMbl). B HEKOTOPOM CMBICIIE, caMa IIPUPOJA ITUX
Pe3yJIbTaTOB MO3BOJISIET OECKOHEYHO BapbUPOBATH U IIPUCIIOCADIMBATE uen | Eaerist
KO BKyCaM TOI'O WJIM WHOT'O aBTOPA.

B mamHOM 0030pe MBI He cTaBUM cebe MBI JATh ellle OHO JOCTYITHOE H3JI0-
xerne TeopeM €messi. Ham xoTesoch ObI BOCHOHUTH POOEs APYroro poja: Imo-
3HAKOMUTD UUTATE]IsS C COBpEMEHHBIMU 0000IeHnsiMu TeopeM [€1e1st o0 HemoaHOTE,
[IPEeKJIe BCErO €ro BTOPOW TEOPEMBI, U C Pa3HOOOPA3HBIMA TOHKMMHU MaTe€MaTHIe-
CKHMU BOIIPOCAME BOKPYT 9THX PE3YIbTATOB.

ITockonbKy Teopembl ['€mesisi oTHOCATCH K KJIACCUKE MATEMATHIECKOU JIOTHKM,
MBI He TPUBOINM BCEX JeTajeil J0Ka3aTeabCTB, KOTOPhIEe B TOW MM WHOM (opme
JIOCTATOYHO XOPOIIIO M3BECTHBI. BMECTO 3TOro 3HAYUTEIbHOE BHUMAHUE Y/IEJISI€TCS
00CYKIEHUIO U TIONCKAM OIITUMAJIBHBIX (DOPMYIMPOBOK PE3YIbTATOB 1'€/1es, a Tak-
JK€ CPABHEHUIO PA3JIMYHBIX JI0KA3aTe/IbCTB MEXK Ly co00ii. MBI U3JI02KUM pe3yJibTa-
ThI, CBSI3aHHBIE C BOIIPOCOM O I'PAHUIAX IIPUMEHUMOCTH TeopeM 16 1e/isi 0 HEeIoJIHOTe,
HaKOIIJIEHHbIE B MATEMATUIECKOI JIOTUKE, B TOM YHCJIE U 33 CAMOE TIOCJIETHEE BPEMSI.

O630p €CcTeCTBEHHBIM 00pa30M pPas3dUT Ha JIBE YaCTH, HOCBSIIEHHBIE COOTBET-
CTBEHHO TIEPBOil M BTOpOil TeopeMaM ['€ners.

Iomxomstuit KOHTEKCT /115t TePBOit TeopeMbl [ €1e1st ObLI CO31aH PA3BUTHEM TEO-
pUU BBIYUCIUMBIX (DYHKIUI, 1 B pAMKaxX 9TOI T€OPHUH €€ POJIb CTaja JOCTATOIHO
mousitaoit. OyHAaKO BTOpast Teopema [€7e/ist B TOTHON Mepe B 9TOT KOHTEKCT He

1 KocBeHHBIM CBHETETLCTBOM 3TOTO MOYKET CIIY’KUTh TOT daxT, uro Kypr [énens 6wt mpu-
3HaH — CIIPABEJINBO WJIM HET — OAHOM U3 CTa HAanbosIee BIUATEILHBIX JuIHOCTel XX B. 10 BEPCUU
xKypHasta Time.
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VKJIAJIBIBAETCS U B IeJIoM Oojiee mpobsiemarndra. Ha HavajbHOM 3Tare mpeobdsia-
Jlajia TOYKa 3PEHUs], COIJIACHO KOTOPOil Bropas Teopema lE€mens sSBisieTcs HEKOTO-
pBIM “I0BecKOM”’ K IIEPBOil TEOpEMe, BCEro JINIIb YKA3BIBAIOIINM SIBHYIO (DOPMY TOTO
CaMOr0 HE3aBUCHUMOTO YTBEDXKIEHUS, O CYIIECTBOBAHUYM KOTOPOIO TOBOPUT II€PBas
Teopema. Jlo HEKOTOPOIl CTelmenn 9Ta TOYKa 3PEHUs] PACIPOCTPAHEHA U CeiiIac.

B o xe Bpewmsi, nocie pabor Kpaitzens, JIéba, Dedepmana, ge Morra, Cmo-
PUHCKOTO M JAPYTUX UCCIAEI0BATE €, N3ydaBInX 0000IIeHs BTOPOit TeopeMbl [6-
JIeJisi, CTaJIO TIOHSITHO, UTO IPUPOJIA ITHX JIBYX YTBEPXKIEHUI CYIIeCTBEHHO pa3Hasl.
Bropast Teopema T'€meisi okaspiBaercst B 60JIbIIEl Mepe CBSI3aHHON € MOIAJbHO-
JIOTUYEeCKAMHU CBONCTBaMU (POPMYJIbI, BBIPAXKAIOIIEH JTOKA3YeMOCTh, U C 3P HeKTOM
CaMOOIIMCAHNSI B apupMeTHKe.

C mameil TOYKN 3PEeHHs, emle PAHO BBIHOCUTH OKOHYATEIHHOE CYXKICHUE O TOM,
9TO MPECTaBIsieT co0O0il “IMpaBMIIBHBIN’ KOHTEKCT JJIsi BTOPOl TeopeMbl [€mens
o HerorHOTE. B TO 2K€ BpeMsi, B 9T0# 00/IaCTH HAKOILIEHO MHOT'O YACTHBIX PE3YIIb-
TATOB, IPOJIMBAIONINX CBET HA €e POJib u ocobeHHOCTH. BO BTOPOil YacTu HACTO-
AIEro 0030pa MbI IPEIIoJaraeM MMO3HAKOMUTDH UUTATENIS C STUMH DPe3yJILTaTaMu
7 OCTAIOIIMMHUCH 3/€Ch OTKPBITHIMUA BOIIPOCAMH.

B nepeoit yactu Mbl 006Cy2KJ1aeM mepByIo TeopeMy Léesist u ee pazaudnbie Gop-
MBI. DTOT MaTepHuaJl COBEPIIEHHO TPaIUIMOHHBIN, OIHAKO Mbl PENIUIN BKJIIOYUTH
€ro JIOCTATOYHO TIOJAPOOHBINA 00630p IO JBYM IpPUYUHAM. BO-TIEpBBIX, TPOOJIEMBI,
CBsi3aHHBIE CO BTOPO#l Teopemoii [€sesst, MOXKHO OIEHUTH B IOJHOI Mepe, JIUIIhb
rMesi OUeHb SICHOE TPEJCTABJIEHNE O PA3JIUYHBIX acleKTax IepBoil TeopeMbl. B To
JKe BpeMsl, MHOTHE CYIECTBYIOIINE U3JI0KEHHUS STOr0 MAaTepHaja 4acToO OBIBAIOT
CJIUIIKOM OHOOOKMME. Bo-BTOpBIX, B JinTepaType MOXKHO HANTH MHOIO PA3HBIX
YTBEpPXKIeHnil, Ha3bIBaeMbIX Teopemoit [€r1ess1, He TOBOPs yKe 00 MX PA3IUIHBIX
JI0Ka3aTebecTBax. Ham X0oTesoch ObI OTYACTH IPUBECTH B CHCTEMY STOT MAaTEpPHaJI,
paccMaTpuBad €ero ¢ HEKOTOPOI €MHON ITO3UIUH.

Mmue xoresoch ObI mobJiarogapuTh Birajgumupa AHjpeeBuda YCIEHCKOTO U AJib-
6epra Buccepa 3a 06cyKieHIe HEKOTOPBIX 3aTparuBaeMbiX 37ech BoipocoB u Cep-
rest IBanoBuua AJsiHa 3a BHUMATEJ/IbHOE YTeHNE M KPUTUKY pyKorucu. VX paboTsl
TaK»Ke BO MHOIOM TIOBJIMSIM Ha B3IJIsIIBI aBTOpA, HAIEJIINEe OTPAXKEHUE B ITOM
ob3ope.

2. IlepBasi u BTOpasi TeopeMbl O HemnoJiHOTe o '€ mestio

B ocnosonosaraorieii pagore [1] Ténens nqokazas cBou TeopeMbl [Jis OUPEIe/IeH-
noit popmasibHOl cuctemsbl P, poacrBennoit Principia Mathematica Paccena—Yaitr-
XeJla ¥ OCHOBAHHO! Ha IIPOCTOI TEOPUH THUIIOB HAJI HATYPAJIHLHBIM PSIIOM U AKCHOMAaX
Henexunmga—Ilearno. B to Bpemsi Principia Mathematica 6blna, moxKaay#, camoit
U3BECTHON M3 CHCTEM AKCUOM, IIPeJHA3HAYEHHBIX JJI1s (DOPMAN3aldd MaTeMaTu-
k. [émep TakKe OODBSICHUII, UTO €ro Pe3yJIbTAT PACIPOCTPAHIETCS W Ha, JIpyrue
AKCHOMATUYIECKUE CUCTEMBI, BKJIFOUaoue Teopuio MHOXKecTB Llepmeio—Ppenkelisi,
Teoputo MHOXKecTB (pon HelimaHna u ipyrue Teopun, “paspabaTbiBaeMble B IIOCIETHEE
Bpems [l. I'unbbeprom u ero yuenukamu’. Mbl He OyjieM gaBaTh TOYHOE OIIPEIe/Ie-
Hue cucrtembl P, GopMyInpoBKa KOTOPOIl HECKOJIBKO I'POMO3JIKA. bBoJjiee CHIbHBIE
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pe3y/IbTaThl OyIyT IMOJIYYeHBI JJIsi CTAHIAPTHOIO B HAIE BPEMSI SI3bIKA apU(pPMeTHKI
IIEPBOT0 TOPSIIKA.

IIpocreitinas dopmyaupoBKka mepBoit Teopembl €€/ O HEMOJHOTE TOBOPUT
0 TOM, YTO CYIIECTBYeT IpPeJJIOXKeHre, He JIOKA3yeMoe U He OIPOBEPXKUMOE B paM-
Kax paccmarpuBaemoii reopun P. Bropasi Teopema ['éesist yrBepKaer, 9To B Ka-
JecTBe TAKOT'O MPEJJIOKEHUsI MOXKHO B3Th (popMasin3anuio B P yTBepKIeHus 0 ee
COOCTBEHHO HEITPOTUBOPEIUBOCTH.

Hemnonuora takux Teopuit, Kak P, wim Teopuii MHOYXKECTB, CIIEIUAJIHHO CO3/IaH-
HBIX I aKCHOMAaTHU3aINN BCeil MaTeMaTUKU, HAXOIUIACh B PE3IKOM IIPOTUBOPETIH
C 1peobJIaJIaBIIMMKU B TO BpeMsl B3IVisijaMu. Bropas ke Teopema [€jess craBu-
Jla TI0J[ COMHEHHME BO3MOXKHOCTb peajin3allui HamboJiee BasKHOTO IIOJIOXKEHUsI TaK
Ha3bIBaeMON npoepammos Lurvbepma (eM. [2]), mexIapupoBaHHON €TI0 KOTOPOH
ObLIO yCTAHOBJIEHUE HEIPOTUBOPEYMBOCTU MaTEMATUKN (aHA/IN3a M TEOPUU MHO-
2KeCTB) (DUHUTHBIMU CPEJICTBAMU. DTa 33/a9a PACCMATPUBAJIACH IIPEICTABUTEIIAME
mkoJibl ['mipbepra Kak 1meHTpasibHast IpodieMa MaTeMaTHuIecKoil joruku. B camom
JieJte, U3 BTOPOit Teopembl [ €1es1s1 BRITEKAET, 9TO “(DUHUTHBIE CPEICTBA”, CIIOCOOHBIE
YCTAHOBUTH HEMIPOTUBOPEIUBOCTD MATEMATUKN, HEBO3MOXKHO (DOPMAIN30BATH JaXKe
B PaMKax O4YeHDb CHJILHOI cucreMbr P.2

B npunmnune, HemosiHoTa KaKOU-1160 KOHKPETHOM Teopuu, Hampumep P, Moxer
03HAYATH BCErO JIMIIb, YTO “He ObLIM ydTeHbl” Kakue-TO HyKHble akcuombl. (Ha-
puMep, Tak 0O6CTOSIIO JOJIroe BPEeMs JIEJI0 C aKCHOMATH3AINeEl 9JIeMeHTapHO reo-
merpun.) UTo6bl IOKA3aTh, 9TO B JAHHOM CJIydae Mbl UMEEM JIEJIO C CYyIIECTBEHHO
Jpyroit u 6osee gpamaTudHoi curyarueii, [€1e1p hopMymmpyeT CBOK MEPBYIO TEO-
pemy B Oostee obmeit popme, KOTOpast TOBOPUT O NPUHUUNUAALHOT HENOTOAHACMO-
cmu cucrembr P.

ITo cMmbIciTy HOCTATOYHO GJIN3KO K OPUTHHAIY nepeas meopema I€deas o nenoa-
nome [1; reopema VI| MozkeT GbITh cHOPMyIUPOBAHA CJIELYIONAM 06Pa30M.

TEOPEMA 1. ITycmov T — dhopmanvras meopus, YoosaemeopAaowas cAedyouum
YCAOBUAM:

(i) T cpopmyauposara 6 asvike P;
(ii) T noayuaemcsa dobasaenuem % cucmeme P npumumueno pexypcusrozo mHo-
2HCECMEA AKCUOM;
(iil) T sasasemcs w-Henpomueopeusod.
Tozda T wenoana, m.e. CYywecmsyem npediotcerue @, 0aa KOMopo2o Hu ©, Hu —p
He doxasyemo, 6 T .

IMosicanM yuacTByoIIHe 37ech moHsiTHst U camu ycsosus (1)—(iil). Cremyer cpasy
OTMETHTb, YTO HU OJHO U3 3THX YCIOBHIl C COBPEMEHHOH TOUKH 3PCHUS He ABJISETCS

2Témemb BBIpaskaeT 9T0 0BCTOATEIBCTBO JIIOGOIBITHBIM 0BPA30M, BHIMMO, HE YKejas BCTYMaThb
B dusocodcekyio nosemuky: “Caedyem ocoberro noduepknyms, wmo meopema IX [6mopas meo-
pEMA 0 HENoAHOME] He HATOOUMCA 6 NPOMUBOPEUUL C 2UALOEPMOBCKOT HOPMANUCTCKOT MOuKOT
spenus. Bedw |...| moorcno cebe npedecmasumsv, wmo cywecmeyrom Purnummsie doKa3amesbemead,
Komopve HeMb3sl gopmasusosams 6 P’. B HacrosIee BpeMsl IPUHATO CIUTATH, YTO (DUHUTHBIE
nokasareabeTBa hopMaIu3yeMbl JlaXke B ropaszo Gosiee ciaboit apudmeruxe [learno mepsoro mo-
panka. B To ke Bpems, CyIIECTBYIOT U aJbTEPHATUBHBIE TOUKU 3PEHUsI [10 STOMY BOIIPOCY, HAIAJIO
KOTOPBIM IOJIOKUI cam ['miasbepr (cum. [2]).
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Hu Hanbostee oBIMM, HI HanboJiee MaTeMaTHIecKy ecrecTBeHHbIM. (IIpuauHbt sTOro
KOPOTKO 00CY2KJAI0TCs HUXKE, CM. TaK’Ke COOTBETCTBYIOIINE 3aMedanust B [3] u [4].)
OJHaKO 9TH yC/IOBUSI MHTEPECHBI, OHU OTPAKAIOT IIEPBOHAYAIbLHOE IOHUMaHue [¢-
JleJIEM CBOETO OTKPLITUsL B 1931 I, M K TOMY K€ X HCIOIB30BAHNE B 3HATHTEILHOI
CTEIIeHN 3aKPEIIJIHO B IIOC/IeLyIOMIel JTuTepaType.

B ycioBuu (ii) y4acTByeT HOHSATHE IPHMHUTHBHO PEKYPCHBHON (DYHKIIH.

OnPEAEJEHUE 1. @yukius f: NP — N massBaercs npumumueno pexypcue-
1O, €CJI OHA MOXKeT OBITh I10JIyYeHa U3 KOHCTaHThI 0, hyHKImu ciegoBanus S(x) =
z+1 u npoekrupyromux Gyskuumit I (21, ..., Zy) = Ty, € HOMOIIBIO OllEPALUil KOM-
nosunun (MOJICTAHOBKY) U IPUMUTUBHON pekypeun. @yHkiwmst f mosxydena us g u h
IPUMHATHBHON peKypcueil, ecim

z
+1,7) = h(f(mf),n,f).

Muoxectso R C N* npuMuTuBHO peKypCHBHO, eciii yTBep:Kienue Z € R pasHO-
cwibHO f(Z) = 0 a1 HekoTopoii npuMuTuBHO pekypcusnoit dyukuuu f. (Kak aro
UPUHATO B JIOTHKE, yTBepXKIeHue T € R Mbl OyjeM TakzKe 3anucbiBarh R(T).)

VYeqosue (ii) mpesmosiaraet, 9o 3apanee (GPUKCUPOBAHO HEKOTOPOE B3aUMHO OI-
HO3HAYHOE KOJUPOBAHNE HATYPAJbLHBIMU ducaamMu (réenesa HyMepaiys) 00 beKTOB
sI3bIKA, Teopuu P, TakWx Kak IepeMeHHbIe, TepMbI, (DOPMYJIbI U T. 1. [ €1e1b moka-
3aJ1, 9TO IIPU HEKOTOPOM €CTECTBEHHOM BBIOODE TAKOIO KOJIUPOBAHUSI OTHOIIEHUE “T
€CThb KOJT BBIBO/IA, (DOPMYJIBI ¢ KOIOM y B P” Oy/ieT NIpUMUTHUBHO PEKYPCUBHBIM.

VYesosue (i) TOBOPUT 0 TOM, 4TO MHOYKECTBO KOJOB akcuoM T’ ipy BIGPAHHOM KO-
JMPOBAHUN JIOJIZKHO OBITH IPUMUTUBHO PEKYPCUBHBIM. B cmity Toro, aro T’ crpout-
cst Ha 6aze P, a e/ lyKTUBHBII MexaHu3M P IPUMUTHBHO PEKYPCUBEH, OTCIOIA TAKKE
cJlelyeT IPUMUTHBHAST PEKYPCUBHOCTH OTHOIIEHUS “T €CTh KOJI BBIBOIA (hOPMYJIBI Y
B T7. TpeboBanue (ii) siBJsteTCs JOCTATOYHO OOLIMM U JJIst BCeX (DOPMAJIBHBIX T€O-
puii, pacCMATPUBAEMBIX HA IPAKTHUKE, BBIIOJIHAETCH. [ €/1ejb OTMETUII, 9TO STOMY
YCJIOBUIO 3aBEJIOMO YJIOBJIETBOPSIOT TEOPUH, 33aBa€Mble KOHETHBIM JHCJIOM AKCHU-
oM mim cxeM akcuoM. Teopuwm, yjoBiersopsiomue yciaoBuio (ii), ceffuac npuHsATO
Ha3bIBATH NPUMUMUBHO PEKYPCUBHO GKCUOMAMUSUPOBAIHHBIMU.

ONPEIAEJEHUE 2. Teopusi T Ha3bIBaETCS W-HENPOMUBOPEUUBOT, €CJIA HE CYIIIe-
crByer Takoil dhopmyibl ¢(xz) (epeMenHas & IpoberaeT HATYpaJIbHbIE YHUCJIA), YTO
OJTHOBPEMEHHO BBITIOJTHEHBI YCIOBHS

(1) T+ 3z o(x);
(i) T+ =¢(0), ~¢(1),. .. .

HamomummMm, urto gnsa Teopuit T' B sa3bike P HATypaJbHOE YUCTIO N M300parkaeTcs
saMkHYTHIM TepmoM S(S(...S(0)...)) (n pa3), Koropslii Mbl 0603HAYAEM N U Ha-
3BIBAEM HYMEPAAOM. 1lOCIIeIO0BATEILHOCT HYMEPAJIOB (g, . ..,M ) COKPAIIEHHO
3alUChIBaeM KakK 1l .

VYesnoBre w-HENPOTHBOPEYMBOCTH YCHJIMBAET TPeGOBAHUE HEIPOTHBOPEIMBOCTH
reopun T. B cBo ouepesib, OHO CJiejiyeT U3 IPEIIOJIOXKEHUsT 0 KoppekTHocTH T,

3 YMH, 1. 65, BbIn. 5
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T.e. 00 UCTUHHOCTH Bcex TeopeM T B momenn ¢ HocureaeMm N. Omamako cam I'émenn
HE PACCMATPUBAET CEMAaHTUIECKOE MOHSTHE KOPPEKTHOCTH B CBOeil pabore.

YesoBue (iii) Takzke He sIBJISETCS CYIIECTBEHHO OIPAHUYUTEJNLHBIM: TEOPHUU, KO-
TOPBIE EMY HE YIOBJIETBOPSIOT, MOXKHO PACCMATPUBATDH KaK OJIM3KHE K IIPOTUBOPEIN-
BBIM, T. €. KaK marosorunydeckuii ciayqait. Pakrudecku, [€1es1b TOBOPHUT, YTO IPHU BbI-
[IOJIHEHUY €CTeCTBEHHbIX U IUPOKUX TpeboBanuil (i) u (i) Mbl uMeeM BBIGOD U3 ABYX
“HENPUATHBIX BO3MOYKHOCTEM: JnOO Teopusi 1 HenosHa, JTUO0 w-IIPOTUBOPEUNBA.

Yro KacaeTcs yesosust (1), TO OHO SIBJISIETCs TOCTATOYHO OrPAHUINTENbHBIM. Ja-
JIEKO He BCe eCTECTBEHHBIE TEOPUU, TAKWEe, HAIIPUMED, KaK TeOpHUs MHOXKECTB, (op-
MYJIUPYIOTCsl OYKBaJIbHO B si3bike P. B cBsi3u ¢ 97uM B KOMMeHTapusix K Teopeme VI
Ténesb oTMedaeT, 9TO B YCJIOBUSAX TEOPEMBI JOCTATOYHO BMecTO (i) morpeboBaTh,
410661 B Teopun T 6u1n paspewumst (entscheidungsdefinit) ® Bee mpumuTHBHO pe-
KyPCUBHbBIE OTHOIEHUs, a BMecTo (ii) nmorpebGoBarh pazpemmmmMocTd B T MHOXKeCTBA
KOJIOB akcuom Teopuu 1.

OnPEIENEHUE 3. OTHomenne R Has3bBaeTcs paspewumvim 6 1 eciau cyiie-
crByer Gopmysa @g(Z) Takast, 9TO JJIsi BCeX HAGOPOB YMCeI 7

R(@)=TkF pr(it), (1)
—R() = TF —pgr(d). (2)
[enTpaJbHBIM 3JIEMEHTOM JIOKa3aTeIbCTBa [ E1eiis Oblia TeopemMa O pas3peru-
MocTu B P BCeX IPUMUTUBHO PEKYDPCUBHBIX OTHOINEHUIT (KOTOPYIO OH, OIHAKO,
060CHOBBIBAET ML cxeMaTraeckn).? B 9acTHOCTH, 3TO TO3BOAET eMy BBIPA3UTH
He3aBUCUMOe yTBepzKjeHue i Teopur 1 B Buie Vr pr(z), rae R upuMuTusHO
pekypcusHo. JlomosiHuTeIbHAS WIS KOJUPOBAHUS KOHEUHBIX IOCJIEI0BATEHHO-
cTeil YmuceJI ¢ IIOMOIIBIO TaK HasbiBaeMoii B-dynkuuu [€dens, OCHOBAHHON Ha Ku-
Tafickoi Teopeme 06 octaTkax, mokaseiBaeT |[1; Teopema VII|, uto Beskoe npumun-
TUBHO PEKYPCHBHOE OTHOIIEHNE SKBUBAJIEHTHO (B P) HEKOTOpOi apudmMeTnaeckoii
dopmyie, T.e. GopMysie A3bIKA IIEPBOrO MOPSIKA B CATHATYPE ¢ KOHCTAHTOH 0,
dyukusaMu S, + 1 - U OTHOIIEHHEM paBeHCTBa. Tem cambiM [€1e/1b TPOAEMOH-
CTPUPOBAJI, YTO IIOCTPOCHHOE UM HE3aBUCUMOE TIPEJJIOKEHUE JJis Teopur 1', KAaKUM
OBl HU OBLT A3BIK caMoii Teopuu 1, OTHOCUTCS K 3JIEMEHTAPHON apudMeTnke.

Ob6cy2xmernne. st TOro 9ro0bI MPABUIIBHO OIEHUTH YCJIOBUS TEOpPeMbI 1 ¢ co-
BPEMEHHON TOYKH 3pEHUs, HEOOXOIMMO YUUTBIBATEH CJIEIYIOIIIEe OOCTOSATEIbCTBA.

Bo-nepeovix, Teopusi BBIYUCIUMOCTH, KOTOPAs JAET MPABUIbHBI KOHTEKCT JIJIst
mepBoit TeopeMbl [€71ems, B TO BpeMs erie He ObLia co3mana. PakTudeckn, UMeEH-
Ho Teopembl ['€e1s1 B OOMBINON CTEeHN CIIOCOOCTBOBAIM CO3AHUIO dTOH TEOPHUM:
B seknusx Lémenst 1934 1. [5] BBeseHO noHsITHE 06IEPeKyPCUBHON (DYHKIMH, SKBU-
BAJIEHTHOCTh KOTOPOTO C TIOHSITUEM (BCIO/LY OIIPEJIEJIEHHON ) BEIYMCINMON (DYHKITN —

3970 MoHATHE pa3HbIe HCTOUHUKY HA3BIBAIOT TAKXKe GUHYMEDYEMOCTDI0, NPeOCmasUMOCTIbIO
WIA 0ONPedesumocmsbio 8 meopul.

4Crporoe o6ocHOBaHIE TOH TEOPEMBI TIPUBEIEHO B JIEKIUAX 1934 T. [UIsi HEKOTOPOIl TEOpHH
BTOPOTO IOps/iKa, poacTBeHHO# cucreme P [5]. MuTepecHo ormMernTb, 4TO Garogapsl HAJIAIHIO
[IePEMEHHBIX 10 MHOXKECTBaM B si3blKe P 3Ty TeopeMy y/IaeTcs JJ0Ka3aTh CYIIeCTBEHHO IIPOIIEe, YeM
JJIsi IPUHSATOTO B HACTOSIIEE BPEMS sI3bIKa apU(PMETUKH IIEPBOTO MOPSIIKA.
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B Jpyrux (GDOPMYJIUPOBKAaX — ObLIa BIOCAEIACTBUM yCTaHOBJeHA UépueMm, ThiopuH-
rom u Kimau. Cam ['émenb ormernst B nobaBieHnn K aHruiickomy mepeBoay 1963 r.
cBoeil paborbl BaxkHyio posb A.M. Tropunra B TOM, 4TO “Tenepb MOXKHO JIaTh
BrioJsiHe 0611yIo Bepeuio reopeM VI u IX” (1. e. nepsoit u Bropoit reopembr e iesst, cum.
[65 c. 195]).

Bo-emopuvix, [€nens m3beraer UCIOIb30BAHNS CEMAHTHIECKUX MOHATHI, B 9aCT-
HOCTH, MOHSTHS MOIEJH, IMOHSITUHA MCTUHHOCTA ¥ BBIPA3UMOCTH B MOJEJH. DTO
CBSI3QHO, TO-BUIMMOMY, C JByMsi obcrosTenbcTBamu. [Ipexkse Bcero, mo paboTh
Ténmenrst mOHOM SICHOCTH OTHOCUTEIHLHO PA3IUINI MEXKy MOHATUIME JIOKA3yeMO-
CTHU U UCTUHHOCTH JIjIs TAKUX Teopuii, Kak P, He Ob1710. Bojee Toro, cemanTuieckue
IIOHATHUA B JIOTUKE B II€JIOM 6bI.J'H/I 1101 IIOLLOSpeHI/Iel\J n3-3a BCEM U3BECTHBIX HapaﬂOK-
coB. Baxnas pabora A. Tapckoro [7], Kacaromasicss aHAIM3a OHSITUS NCTUHHOCTH
Juist (POPMaJIN30BaHHBIX sI3BIKOB U B 3HAUUTE/IBHON Mepe CHSIBINasi TAKHEe I10/103Pe-
Husl, Oblia onybsmkoBaHa b B 1933 1. (a Ha HeMmelKoM si3bike B 1935 1.) DTuM
MOXKHO OObSICHUTH W BO3HUKHOBEHHUE YCJIOBHS W-HEIPOTUBOPEYUBOCTUH BMECTO 0O-
Jtlee (DYHIAMEHTAJIBHOTO YCJIOBUsI CEMAHTUIECKON KOppeKTHOCTH. Takke He OBLIO
CTPOrOro IOHATHs MHTEPIPETAIMU OJHON Teopun B Apyroit (cdhopMupoBaBIierocs
BHAYUTEIBHO 1032Ke 10J BiausgHueM pabor Tapckoro), 9To IpUBEsO, B 4aCTHOCTH,
K OTPaHUIEHUIo B (POPMYIUPOBKE TEOPEM O HEMOJHOTE TEOPUSIMH B SI3bIKe P.

C apyroit croponbl, pabora [€mens Obuia Hamucana, MpexKje BCEro, B pacde-
Te Ha YUTATEJEH, Pa3Ie/IdiomuX B3MIsaAbl [ mapbepra Ha OCHOBAHUS MATEMATHKH.
DTO TaK¥)Ke MOBJUSJIO HA €e CTUJIb W BBIOOP HEKOTOPBIX (DOPMYJIMPOBOK B yIieph
6oJlee €CTECTBEHHBIM CEMAHTHIECKUM. [E71eJIb CTPEMUJICS TOKa3aTh, UTO TeOpe-
MBI O HEIOJHOTE, CAMHU 110 cebe, OTHOCATCS K (PMHUTHOI MaTeMaTHKe U He CBSI3aHbI
C 9eM-TO UPPAIMOHAJIBHBIM, C “HEIIPABOMEPHDBIM HCIOJIH30BAHUEM OECKOHETHOCTH
U TOMY ITOJIOOHBIM.

B-mpemwvuz, B pabote ['€1emst TakKe ele HeT YeTKOTO pa3/eIeHusl TOHITHI Teo-
pUU U MeTaTeopun. XOTsl TEPMUHBI “MeTasi3blK’ U “MeTaTreopusi’ BOCXOAIT K I Mib-
6epTy, IPUHIUINAJIBHOCTh ITUX HOHSITHI JIJIs pACCMATPUBAEMOI'O KPyTa BOIIPOCOB
craJjia sicHa Gjiarozapst pabore [€mesist u yke ynoMmsinyToil pabore Tapckoro.

ITo-BuuMoMy, KOppEeKTHOE IpodTeHne paboThl [€1eiisi COCTOUT B HESIBHOM BBI-
6ope camoil cucrembl P B KadecTBe METATEOPUHU, B KOTOPOil (hOpMAIM3yeMbl BCE
cojlepKaTe/IbHble yTBepXKIAeHUs paborel. Ha 310 ykaswiBaer 0cobblit dhopmain-
30BaHHBI CTHIb (DOPMYJIMPOBOK BCEX yTBEDPXKJIEHUIT cTaTbu (C HUCIIOJL30BAHUEM
ocoboro mpudra 11 GOPMATBHBIX AHAJIOTOB COMIEPYKATEHBHBIX CAHTAKCHIECKUX
HOHATHU{ ), HAYUHAS ¢ TeOPeMbl V 0 Pa3peruMOCTH IIPUMUTUBHO PEKYDPCUBHBIX OT-
somrernmit B P.> Cam [énems ykasniBaeT Ha bOpMaIH3yeMoCcTh B P 3HaUNTeIbHOM
YaCTU yTBEPKACHUN CTaTbU, OIIMCBhIBAsA CXEMY JI0KA3aTeJIbCTBA CBOE BTOPOU Teope-
MbI. BO3MOXKHO, BBIOOD CTOJIH (POPMAIHLHOTO CTHIS U3JI0KEHUSA OBLT MPOIUKTOBAH
MMEHHO JKeJIaHHEM I[IOMOYb YATATEsIO IIOBEPUTH B BO3MOXKHOCTH Takoi dopmasiu-
3aIUH.

5 .

°B cBoem riy6okoMm KoMMenTapuu [4] kK pabore ['énens, Kiunu Tak:ke ormedaer 310 06CTOs-
TEJIBCTBO, HO He OOBbACHSAET €ro, Ha3blBasg NMPOCTO “npucrpactueM (propensity) I'énens rosopurhb
B T€PMHUHAX CBOUX HOMEDOB’.

3*
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B-uemeepmuiz, mousitre pa3penmMocTu 1o ['€1ei1i0 urpaer poJib MoJaXoIsImeil 3a-
MEHBI CEMAHTHIECKOMY MMOHATHIO OrTpejieiuMocT. OH MOIIePKUBAET, YTO ITO THOHSI-
THe He aneJumpyeT K “‘cogeprkaresabHomy 3uadenuto (inhaltliche Deutung) dbopmyi
cucreMbl P”. OHaKO BCe YKe MOXKHO 3aMETHUTh, YTO ITO IIOHATHE HESIBHO AIleJLJINDY-
€T K COJIeprKaTesIbHOW NHTepIpeTallnl IPUMUTUBHO PEKYPCUBHBIX CXE€M, IIOCKOJIBKY
dopmyna ¢ GaKTHUIECKH CTPOUTCS IO IPUMHTUBHO PEKYPCHBHOI CXeMe, OIpe-
Jesstiomeil R, a He 10 cojepKaTeIbHOMY OTHOIIEHUIO, Bbipaxkaemomy R. Crownt
OTMEeTHTB, 9TO [€/1e/1b MHOTIA HE BIIOJIHE KOPPEKTHO OTOXKIECTBJISIET IPUMUTUBHO
PEKypCUBHBIE (DYHKITUU U CXEMbI, HAIIPUMED [IPU OIPEIESIEHUN YPOGH.A TPUMUTUBHO
pexypcuBHoil dbyukimu (110 3TOoMy 10BOLY M. Takxke kKomMentapuii Kiunu). C dbu-
J1I0CO(OCKOM TOYKH 3PEHUsI, CEMAHTUIECKAs] HHTEPIPETAIHsT TPUMUTUBHO PEKYPCUB-
HBbIX (DYHKIWH B KAKOM-TO CMBICJIE SICHEE U IIPOIIE, YeM TAKOBasl JIJIsl TPOU3BOJIbHBIX
dopmyir sa3bika P (BBICIIEro MOPSIKA).

B cBsi3u ¢ mOHSATHEM PA3PEIIMMOCTH B TEOPUM HEOOXOJUMO OTMETHTH EIIe OJI-
HO BaxkHOe 00cTosTeNbCTBO. [lo3mHeiimuit anamms sroro mousTus (cM. [§]) moka-
3aJI, 9TO JJId HEIIPOTUBOPEYUBLIX, IDUMUTHUBHO PEKYPCUBHO aKCUOMATU3NPOBAHHDBIX
Teopuii, conepxkamux P (nm jaxke HamMHOrO Gostee caabyro apudmvernky Poburco-
Ha Q), 9TO MOHsITHE PABHOOO'bEMHO C HOHSITHEM AJITOPUTMUIECKON Pa3PENNMOCTH.
Tem cambiM, Gojiee 061Iasa GOPMYJIUPOBKA II€PBOii Teopembl [énema (mannasa um Kax
komMenTapuit Ha c. 190 pabotst [1]°), 1o cymecTBy, oTHOCUTCS K TOMY Ke K/ac-
Cy Teopuii, 4TO U COBpeMeHHas (DOPMYJIMPOBKA, PACCMATPUBAEMAs B CJIEIYIOIIEM
pazznene. IlpuBeseM (bOpMyIMPOBKY 3TOr0 KOMMEHTApPHUS 376Ch 6ojiee SBHO, YeM
y camoro ['émenst, mist CpaBHEHUSI ¢ MOCIEYIOMAMHA Y TBEPIKICHUSIM.

VTBEPXKAEHUE 1 (kommentapuit [énens). ITycme T — dopmaroran meopus,
YA08.AEMBOPAIOWLAA CAEIYOULUM YCAOBUAM:

(i) 6 T paspewumvt 6Ce NPUMUMUBHO DEKYDCUBHDBE OTMHOUEHUS;

(ii) wmmoocecmea axcuom u npasus ewsoda cucmemv, T (m. e. omnowenue Heno-
cpedemeennozo caedosarus 6 T) NPUMUMUBHO PEKYPCUBHDL UAL TOMA Obi
paspewumst 8 T';

(i) T asasemes w-HeNPOMUBOPEUBOT.

Toeda T nenoana.

3neco [€nemp He yTOUHSIET, O TEOPUAX B KAKOM SI3BIKE WJIET PEUYb, HO BCE TpU
yCJI0BUsl — B TOM 4ucie u (i) — popMyIupyoTces B TepMUHAX A0CTPAKTHOIO OTHOIIIe-
HUs “HEMOCPEJICTBEHHOTO CJIEOBAHUST W COOTBETCTBYIOIIETO €MY ITOHSITHS BHIBOIU-
moctu. OTCIo/la OYeHb HEJAIEKO JI0 abCTPAKTHOrO MOHATHS (POPMAJIBHON CHCTEMBI
KaK aJI’OPUTMAa, TIOPOXKIAIOIIEro TeopeMbl 1’ MCXOJIs U3 AKCHOM IO ITPABUJIAM BbI-
BOJIa, MHOXKECTBO KOTODBIX NPUMUTHBHO DEKYPCUBHO (HJIUM XOTs ObI PA3PEIIUMO).
TlosTomy BBIOOD sI3bIKA B JAHHOM CJIydae He UrpaeT OOJIBINO POJH, JUIIL ObI JJTs

SIIpemmecTsyromee 3ameuanne ['énemsa na c. 189 06061maer ycaoBre IPUMATHBHO PEKYPCHBHON
AKCHOMATU3UPYEMOCTH JIO0 PAa3PEIIUMOCTH MHOXKecTBa akcuom Tteopun T B T'.
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HET'0 UMEJIO CMBICJI IIOHATHE PAa3pPEHINMOCTH B TeOpI/II/I.7

Pazymeercs, B ssBHOM BU-
JIe TOTrO NOoHATHsA y [énens enie He GbLIO — BCIIOMHUM Ty POJIb, KOTOPYIO I'émennb
oTBOMI THIOPUHTY U JPYTHM B MOCJELYIOMEM (DOPMUPOBAHUN 3TOTO TIOHATHS.

OTMeTnM TakzKe, 9TO YTBEpKJIeHHE | MOYKET OTHOCHTBCA M K TEOPUSIM, HE STBJIS-
IOMAMCH [TepeuncauMbIMu. Hanpumep, B KadecTBe T MOYKHO B3SITh TEOPHUIO MTEPBO-
ro nopsjKa, akcuoMarusupyemyio uaj P Bcemu dbopmynamu Vo ¢(x) Takumu, 4To
st Kaxk1oro Koukpernoro n € N B P jioka3yemo ¢(n ) (0JHOKpATHOE IPUMEHEHHEe
w-npaswia Kapuamna, cm. [10]). Teopuu Takoro pozga cam ['énesn B cBoeii pabore He
paccMaTpuBaJl, TEM HE MEHEE OHM UTPAJIU M UTPAIOT BAXKHYIO POJIb B UCC/IEIOBAHUSIX
10 OCHOBAHMSIM MATEMATHKHU.

3. CoBpemennble GOpPMYJIUPOBKHN MepBoii TeopeMbl I'€ness

B pesynbrare BOZHUKHOBEHUsI ODINErO MOHSITHSI BHITUCIUMON (DYHKIUE B pabo-
rax K. Témensa, A. Yépua, A. Triopunra, 9. [locra, C. Kinuau cramo sicHo, 9To
KJIACC TPUMUTUBHO PEKYPCUBHBIX (DYHKIUHN He SBJIAETCS CTOJb YKe (DYHIaAMEHTA b
HBIM, KaK KJIaCC TPOU3BOJIBHBIX BBIYUCIUMBIX (DYHKIUI UIH KJIACC TTEPEIUCTUMBIX
ornortennii. CoorBercrBeHHO, ycsoBue (ii) IPUMUTUBHO PEKYPCUBHOM aKCHOMATH-
3upyeMocTu Teopuu 1’ B mepBoit Teopeme ['€nemnsa ecrecTBeHHO 00OOIIATE 10 YCIIO-
BUSI NEPEUUCAUMOCNU MHOKeCTBA TeopeM Teopun 1. Takoe 06o0IeHne pacnpseT
KJIACC PACCMATPUBAEMBIX AKCHOMATU3AINI, OJIHAKO HE BJIMSET HA KJIACC PACcCMaT-
PHBaeMbIX TeOPHii, TOCKOJIBKY, KakK ObLIO o32Ke 3amedeHo Y. Kpeiirom [11], Besikas
[IePeYNCINMAasl Teopusi Ha 0a3e JIOMMKY [I€PBOI0 MOPSIIKa MOXKET ObITh 33 aHa IIPU-
MHUTHUBHO PEKYPCUBHBIM MHOYKECTBOM aKCHOM.

C. Kamau [12] 6611, 10-BHAMMOMY, OJIHUM U3 HEPBBIX, KTO [IEPEOCMbICIIAI PE3YiIh-
TaTbl [€1e/1s1 ¢ TOUKM 3peHus: GoJiee o0IIeil Teopun BhIYUCIUMOCTH. PaKTUIECKH,
yKe B 9TOi panHeil pabore KnmHu comep:karcsi OCHOBHBIE HJIEU IMOIXOJa K TEope-
maM ['€esist Ha OCHOBE PA3BUBAEMOI MM TEOPUU PEKYPCHUHU, KOTOPHIE JIETJIU B OCHO-
BY MPaKTUYECKU BCEX JAJBHEHITNX UCCae0Banuil BOKpYT Teopem [énens. Tawm ke
Knuau a0 u 06111y 10 TeOpeTHKO-PEKYPCUBHY IO BEPCHUIO TIEPBOil TEOPEMBI O HETIOJTHO-
re (B cemanTryeckoM Bapuante). C TOYKM 3peHUs 3BOJONUU (HOPMYJIUPOBOK, OHA
3aHUMAET MPOMEKYTOUHOE IMOJIOKEHHUE MeXK Ty HedhOpMaIbHBIMI KOMMEHTAPUIMA
Ténmens x cBOMM Teopemam u 6oJIee COBEPITEHHBIMU a0CTPAKTHBIMEI (POPMYIUPOBKA~
MH, KOTOPbIe MOXKHO Haiitn Kak y camoro Kimnu B nosameitnmx pa6orax [13]-[15],
TaK M y APYrux aBTopos, Hanpumep P. Cmanbsana [16] u B. A. Ycnenckoro [17].

C nmpyroii croponsr, /Ix. B. Poccep [18] momudunuposan xorcrpykimio [énemns
TakKUM 00pa30M, UTO YCTAHOBUJI HEMOJHOTY TeOpuu 1’ y2Ke MpHU yCJIOBUU €€ OObIY-
HOI HEITPOTHBOPEIUBOCTU. DTy OoJiee CHIIHHYIO U KPacUBYIO (OpMY MEPBOii Teope-
Mbl [€nest mHOrIa Ha3bIBalOT TeopeMoit Poccepa minu teopemoit I'€nessi—Poccepa.
(Koncrpykius camoro I'émesis, TeM He MeHee, COXPAHWJIA CBOE 3HAYCHUE B CBSI3U
C JI0KAa3aTeJIbCTBOM BTOPOi T€OPEMBI O HEIOJIHOTE. )

7 JT1st I3BIKOB 1IePBOTO (MJTH BBICIIEro) TOPSI KA, COAEPYKAIIIX HMEHA /I HATYPATbHBIX THCelT,
IIOHATUE Pa3pelInMOCTH, JaHHoe ['€1esieM, sABJIsieTCsl BIIOJIHE cTporuM. B obiem ciiydae MOXKHO
chOpMyITMPOBATH JIOCTATOYHO IIPOCThIEe aOCTPAKTHbIE TPEOOBAHUS K SA3BIKY JJIsi TOTO, YTOObI IO-
HATHAE PA3PEIIMMOCTA B COOTBETCTBYIOIIEH (POPMAaIbHON CUCTEME MMEJIO CMBICI. DTO IIPUBOJIUT,
HAIIpUMEP, K IOHATUIO npedcmasastowets cucmemv, no Cuanbsany [9].
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JlasibHeiinre TeXHUYEeCKNE YIIy4IIeHUs [I€PBOMl TE€OPEMBI O HEIIOJIHOTE CBS3aHBI
¢ psimom pesyabraros C. Komau, A. Mocrosckoro, A. Tapckoro u P. Pobuncona.
Basupysich, B uacrHoctH, Ha padore Ténens, Kauan [13] u Mocrosekwuit [19] ucce-
JIOBaJIU OTHOIIIEHNUsI, OIIPEJIeJINMbIE B sI3bIKE apuPMETUKHU IEPBOTO IMOPSJIKA, ¥ BBEJIN
B PACCMOTPEHNE HePapXuio apuMMeTHIecKnX KJIaccoB >, u Il,.

A. Tapckuit MHUTIMIPOBAJI CHCTEMATHYECKOE MCCJIEIOBAHNE BOIIPOCOB Pa3per-
MOCTH JIjIsi T€OPHil TIEPBOTO MOPsIKa. B paMKax 3TOil mporpaMMbl B IKoJe Tap-
CKOro ObLIN TIOJyYeHbl BechbMa MMpoKue 0600renus pesynbraros [énens. C of-
HOIT CTOPOHDI, OBLIN HaMJIEHBI OUYeHb cIabble aprudMeTHIecKre TeOPUH, TakKhe Kak
apudmernka Poburcona Q, 11t KOTOPBIX ObLIa YCTAHOBJIEHA CYIIECTBEHHAS Hepas-
pemumocTts. Tem cambim Teopema ['€nensi—Poccepa Obl1a pacnpocTpanena Ha boJiee
MUPOKUit Kiracc Teopuit. C JApyroit CTOPOHBI, pa3BUTHIM TapcKuM MeTO 1 HHTepIIpe-
TaIuil MO3BOJINJI IEPEHECTU STU PE3yJIbTAThl HA JAPYTUe sI3bIKHM, OTJIMYHBIE OT apud-
Mermdeckoro. OTMeTHM, 9TO OJHUM U3 CAMBIX PAHHUX M KPACHUBBIX PE3YJIBTATOB
B 9TOM HampasieHnu Obuia Teopema Kyaiina [20], ycraHOBUBIIAST B3aUMHYIO ONpe-
JIeJINMOCTD 3JIEMEHTAPHON apuMEeTUKN HATYPAJIbHBIX YUCE] U TEOPUU KOHKATEHA-
MY JIBOUYHBIX CJIOB. B KOMOMHAIMM C METOJIOM WHTepIpeTanuii Teopema lée-
ssi-Poccepa crajia OJHUM U3 TVIABHBIX OPY/IUIl JIOKA3ATEIHCTBA AJTOPUTMUIECKOMN
HEPA3PEINMOCTH CAMBIX PA3HBIX TEOPHil.

Iocaie BeIxOAa B Havase 50-x rogos dyHIameHTanbHBIX MoHOrpaduit Kinan [15]
u Tapckoro, Mocrosckoro u Pobuncona [21] nznoxkenns reopem I'émesst o HenosHOTE
nprobpesin uX CTaHIapPTHBIE (DOPMBI, OYeHb OJIM3KKHE K COBPEMEHHBIM.

3.1. O6mme dpopmynupoBku. CHadaja MbI JaJIUM OYeHb 00IIMe (GOPMYJIH-
POBKU CHHTaKCHIecKux Bepcuit reopem ['€nesst u [€nens—Poccepa s abcTpakTHBIX
dOopMabHBIX CHCTEM. IDTHU (DOPMYIUPOBKU MMEIOT TO IPEUMYIINECTBO, YTO IIPUMe-
HUMBI B OOJIBIIIOM YHCJI€ CUTYAIM U HE 3aBUCAT OT sA3blka Teopuu. Kpome Toro,
OHU BBISBJISIIOT BBIYUCIUTEIBHYIO CyTh IEPBOil TeopeMbl 1€ erts.

Hawnewm ¢ onpesenienust abcTpakTHOM (DOPMATHLHON CHCTEMBI.

ONPEAENEHME 4. @opmasvholi cucmemoli HasbiBaeM Tpoiiky S = (L, P, R), rie
L C N — paspemmmoe MHOXKECTBO BceX npedaosicenutdi cucreMsl, a P, R C L — mepe-
YUCUMBIE MHOYKECTBA J0KA3YEMBIT T ONPOBEPHCUMDBLT TIPEJIOKEHNN COOTBETCTBEH-
po. CuuraeM, 4TO BCe TPU MHOXKECTBa 3aJaHbl (DUKCUPOBAHHLIMU AJIOPUTMAMEA
(mammuamu Teropunra), o6o3navaembivu My, Mp u Mpg.

3aMeTuM, 9TO MBI OTOXKJIECTBUIN (DOPMAJIbHBIE OOBEKTHI CHCTEMBI M HUX T6JIe-
JIEBBI HOMEDA, IMOITOMY COOTBETCTBYIOIIIE AJITOPUTMBI PAOOTAIOT HA HATYPAIbHBIX
qucsax. Cucrema S HazbIBaeTCs Henpomusopevusot, ecim PN R = &, u noanod,
ecyin oHa HenpoTuBopedusa u P U R = L.

Samernm, uTO ecym popMasibHAs cucTeMa S mMoIHA, TO MHOXKecTBa P n R paspe-
mumbl (Teopema ITocra). TlosroMy mist TOKa3aTeIbCTBA HEIOIHOTHL S JTOCTATOTHO
YCTAHOBUTDH AJITOPUTMHUYECKYIO HEPA3PEIIUMOCTE JIIOOOT0 U3 ITUX JIBYX MHOXKECTB.
Cucremy S Ha3bIBaeM pa3pewumotl, ecau paspemmnmo P.

Hepaspemumocts cucreMbl S BBITEKAET U3 CYIECTBOBAHUS [IE€PEUUCIUMOrO He-
Pa3pEInMoro MHOXKECTBA U €CTECTBEHHOI'O TPEeOOBAHUSI, IYTOOBI S B KAKOM-TO CMBIC-
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Jie “BhIpakaja’ Bce MepedncauMble MHOXKECTBa. BecbMa 00lllee MOHATHE BLIPA3H-
MOCTH JIjIsi abCTPAKTHBIX (POPMAJBHBIX CHCTEM MOXKHO OINPEJEJUTh CJIELYIONIM
0bpazoM.

ONPEAEJEHUE 5. Muoxecrso A C N gwpasumo ¢ S = (L, P, R), eciu cyue-
CTBYET BCIOJY OIIpeJleJIeHHAasa BhIYuCuMast GyHKIus f Takas, 4To

neA < f(n)eP.

Cucrema S HA3BIBACTCA yHUGepCG/./LbHO’[l ons NeEPEHYUCAUMDLT MHOHCECTE, €CIJIN B Helt
BbIPDa3UMBI BCe€ II€epedYucCJInMble MHOXKECTBa.

Ilousitue BBIpazuMocTu Jjisi (OPMATBHBIX CHCTEM €CTh He YTO WHOEe, KaK U3~
BECTHOE B TEOPUU AJITOPUTMOB ITOHATHUE 1M-CBOIUMOCTH K MHOXKECTBY JIOKA3YEMBIX
npetoxkernii S. Jlioboe MHO2KeCTBO, BBIPA3UMOE B Pa3PENIUMOil CucTeMe, JOJIZKHO
OBLITH AJITOPUTMUIECKN Pa3PEIUMbIM. TakuM 00pa3oM, yHUBEpCaIbHbIE (hopMasb-
HbIE CHCTEMBI HEPA3PEIIUMbl U HEIOJIHBI. DTOT (AKT MOKHO CUUTATH HEKOTOPOI
abCcTpaKTHOM Bepcueit epBoit TeopeMbl [€1€/1s1 0 HEmoIHOTe.

TEOPEMA 2. Ecau S — dpopmasvhas cucmema, YHUBEPCAALHAL OAA NEPEYUCAU-
MDLT MHOHCECTNE, O S HEPA3PEWUMA U HETLOAHA.

B ocuose Teopemsr '€ nesisi—Poccepa stexkut apyroit hakT u3 Te0pun BHIYUCIIMBIX
dyHKIMIT — CyIeCTBOBAHNE HEOTAETMMOI ITaphl HEIIEPECEKAIOIIIXCS TEPEINCTUMBIX
MHOXKECTB. 3aMeTHM, UTO C KaXKJOW YIOPSIOUEHHON Mapoii HelepeceKaronuxest
muOKecTB A, B C N MOXkHO cBsizath dactnunyio dyskmumio g: N — {0,1}, muas
KOTOPOM

0, ecmun € A,

g(n) =141, ecim n € B,

HE OoIIpeleJIeHO B OCTAaJIbBHBIX CJIydadX.

Takoe cooTBeTCTBUE MEXK Ly TapaMu B QyHKIIUSMHU B3aUMHO ofHOo3HaYHO. O6a MHO-
»kecTBa A U B nepevducauMbl, €CJIM U TOJLKO ecyid (PYHKIUS ¢ BLIYUCIAMA.

Cucrema T = (Lr, Pr, Rr) HaseiBaercs pacwupenuem S = (Lg, Pg, Rg), ecan
Lr 2 Ls, Pr 2 Ps u Rr O Rg. B aroMm ciydae dyHKIHSA gp0, COOTBETCTBYIONIAS
nape (Pr, Ry), aBigeTcsa npomoszkenneM GyHKINT ¢g.

Mapy (A, B) nazsiBaem (pexypcusho) neomdeaumoti, ecim HyHKIUs ¢ HE UMEET
BCIOJIy OIIPEIEJIeHHOro Bbrancsumoro npompokenus ¢': N — {0,1}. ®Popmanbhas
cucrema S = (L, P, R) neomdeauma, eciu takosa napa (P, R).

B cmly CKa3aHHOTO BBINIE, HEOTACTAMbIC (DOPMAJILHBIE CHCTEMBI HEPA3PEITHMBbI
U HEIIOJIHBI, U TAKOBBIMHU ABJIAIOTCH JIOOBIE HX HEMPOTHBOPEYUBLIC PACIIUPCHHUS.
TaxuMm 06pa30M, HEOTIEJUMOCTD (POPMATBHON CHCTEMBI SABJISETCS €IIe OJHUM JI0-
CTATOYHBIM YCJIOBUEM HENOJIHOTHI.

ONPEAENEHME 6. Ilapa (A, B) omdeauma 6 cucmeme S = (L, P, R), eciu cy-

MIECTBYET BbIIUC/IAMAL beHKI_II/IH f TaKagd, 9TO

ne€ A= f(n) €P,
n € B= f(n) € R.
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ToBopum, uro S omdeasem mapve NEPEUUCAUMDIT MHOHCECTNE, €CITU JEODAs Tapa
HEIEPeCeKAIOIIUXC s IePEIUCIUMbIX MHOXKeCTB (A, B) ormenuma B cucreme S.

IIyctb @e(x) 03HAUAET pe3yibTaT PabOTHl MAIIMHBI THIOPUHIA C HOMEPOM € Ha
Bxoje z. Herpynno ybeanTnhes, 9T0 (pyHKITHST

) ecin pg(z) =0,
F(zx)= <0, ecin () onpeneneno u ¢, (x) # 0, (3)

HE OIIpeac/IeHO B OCTAaJbHBIX Cay4dadX

BBIYHCIMMA, HO HE MOXKET UMETH BCIOJLY OIIPEIEJIEHHOIO BBIYUCINMOIO HIPOIOJIKE-
Hus. JeficTBUTENBHO, JOMYCTUM, ITO BHIUUCINMAsT (DYHKIUA § = ¢y, BCIOLY OIpe-
nesena. Pacemorpum m = g(n) = ¢p(n). Ecim m =0, o F(n) = 1, a eciiu m # 0,
o F(n) = 0. B mobom ciayuae F(n) #m = g(n), 1.e. g He npogomxkaer F. Takum
06pa3oM, HEOTJEIUMBIE TIAPHI IIEPEYNCIUMBIX MHOKECTB CYIIECTBYIOT.

Orciofia BITEKAET CIeIytomnast abcTpakTHasi Bepcust TeopeMbl 1émens—Poccepa.

TEOPEMA 3. ITycmv gopmanvhas cucmema S = (L, P, R) nenpomusopeuusa
U OMOEAAET NAPBL NEPEVUCAUMBLL MHodcecms. Tozda S neomdesuma, v mem ca-
MBIM N1060€ HENPOTNUBOPEUUBOE PACULUPERUE S HEPASPEWUMO U HETLOAHO.

Tax ke KaK v MOHATHE HEOTIAEIMMON APhI IEPEINCIUMBIX MHOXKECTB, 9TO YTBED-
Kjenne BocxoauT K pabore Kumnu [14], KoTopbiil Ha3bIBAJI €ro “CUMMETPUYHOlM
dopwmoit Teopembr ['€nenst”.

3AMEYAHUE 1. OTmerum, 9T0 TeOpeMbl 2 U 3 sIBJIAIOTCS OY€Hb abCTPaKTHBIMU
U UX [MPUMEHEHHUE JJIsi KOHKPETHBIX (POPMAJIBLHBIX CHCTEM, BO3HUKAIOIINX B JIOTU-
Ke, TpebyeT JOIOJIHUTENbHON PaboThl (HEKOTOPBIE MPUMEDPDLI OYAyT PACCMOTPEHBI
umke). Ilosromy He ciiemyer 6YKBAIBHO OTOXKIECTBIISTH ITU YTBEPKJICHUS C TEO-
pemamu I'énenss u Poccepa.

3AMEYAHHUE 2. CylnmecTBYIOT IPUMEPDI HEMEPEUNCIUMBIX TEOPHIA, /I KOTOPBIX
JlaxKe JTaHHbIe HaMi abCTPAKTHBIE (POPMYIUPOBKU HE ABJIAIOTCSA JOCTATOYHO OOIIU-
Mu. Paziauanbie 0600IIEHNS 3TUX TEOPEM B TEPMUHAX TaK HA3LIBAEMBIX npedcmas-
AAOUUT Cucmem O9eHb ToApobHO pacemarpusasuch P. Cymanbsaom [9]. TTockons-
Ky JIJIsl HAC NEHTPAJIbHOM dBJIsIeTCsl BTOpas TeopeMa [érenist, Mbl He Oy1eM Ha 9TOM
MOAPOOHO OCTAHABINBATHCS.

3.2. f3bIKM, Teopuu, MHTEPIPETAIINN.

Jlorugeckue si3pikn. llpuMmeHeHUst aOCTPAKTHBIX PE3YJIbTATOB IIPEIBIIYIINEro
myHKTa 3.1 mpexKjie BCero OTHOCATCH K (DOPMAJIbHBIM CHCTEMAM, BO3HUKAIONIUM Ha
0a3e JIOTMYECKUX S3BIKOB, B YACTHOCTH, Ha 0a3e s3bIKa JIOTUKU MPEIUKATOB Iep-
BOI'O IOPSIIKA.

Mpb1 OyeM paccMaTpuUBaTh SI3BIKM M TEOPHH IIEPBOTO IOPSIJIKA C PABEHCTBOM.
DTOT BBIOOp, IO CYIIECTBY, HE SIBJISIETCS] OIPAHUYUTEJIBHBIM, ITOCKOJIBKY XOPOIIO
M3BECTHO, 9TO 33 CYET PACIIUPEHUs] CUTHATYPhI MOYKHO WHTEPIIPETUPOBATH B TAKUX
A3BIKaX U 0OoJiee boraToble SI3LIKH.
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[Ipex e Bcero, MOXKHO MHTEPIPETUPOBATH MHOIOCOPTHBIN SI3bIK, BBOJ[SI B CUT'HA~
TYpPy OJTHOMECTHBIE IIPEINKATHBIE CUMBOJIBI, BBIIEJISIONINE HOBBIE COPTA HEepEeMeH-
ubix. Jlajsiee, BBOJIsI HOBBIN COPT I€PEMEHHBIX ist (GyHKIUN f U JIOTOTHUTEb-
HyI0 onepanuio ap( f, ), 3HaUeHNeM KOTOPOii SIBJIsIeTCs pe3ynbraT f(x) npuMeHeHust
dyHKIMKU f K aprymMeHTy &, Mbl HHTEPIPETUPYEM sI3bIK BTOPOI'O IIOPSIKA C Iepe-
MEHHBIMHU 10 (DYHKIUSIM. AHAJIOTMYHO MbI MOXKEM WHTEPIIPETUPOBATH [T€PEMEHHBIE
110 TIpeJuKaTaM, a TaKXKe MepeMeHHbIe BBICIINX HOPSIKOB. Takum obpa3om, m3Jjia-
raeMble HUYKe Pe3yJIbTaThl OyIyT MPUMEHUMbI K MHOIOCOPTHBIM TEOPUSM U K TeO-
pUsIM BBICIHIAX TMOPSAAKOB. DTUM IMOKPBIBAETCSI 3HAUYUTEHHAST YaCTh PACCMATPHU-
BaeMbIX HA MIPAKTUKE JIOTUIECKUX TEOPHUil, MPETHASHAYCHHBIX JIsd (POPMAMIAIIT
MaTeMaTUKH.

Wuorma paccMaTpuBaioTCst HEKOTOPbIe (hParMeHThI SI3bIKa [IEPBOTO MTOPSIIKA, JIJIs
KOTODBIX TAK2Ke UMEIOT MeCTO BapuaHThl TeopeM [€xensi. B wacraocTH, ¢ 9100t TOU-
KU 3PEHUSI IPEICTABIISIIOT MHTEPEC sI3bIKU C OTPAHUICHHBIMU KBAHTOpaMU, OECKBaH-
TODHBIE U SKBAIMOHAJIbHBIE A3bIKK (s3bIKU paBeHCTB). VHTepec K TakuM OeHbIM
sI3bIKAM CBHA3aH IIPEXK/IE BCETO C BOIPOCOM O TOM, HACKOJBKO “IPOCTHIM’ MOXKET
OBITH TésesieBCKoe HezaBucuMmoe yTBepxkjaenne. C Ipyroit CTOPOHBI, UMEETCsl Tpa-
JATTHOHHBIN DUTOCODCKUI N MCTOPUIECKUIT MHTEPEC K TEMATHKE TPOrpamMMbl [ b
6epra u dopmam3annn “GUHUTHON MaTemMaTukn . B 3ToM KoHTeKcTe 6€CKBAHTOP-
HbIe UCYHCJCHUS] UTPAIOT BaXKHYIO POJIb.

Teopun. Teopuamu S Mbl OyJeM Ha3bIBATH TEOPUU IIEPBOIO MOPSIIKA C PABEH-
CTBOM, T.€. TEOPHUH, 3a/[aBAEMbleé HEKOTOPOI CUTHATYDPON > U MHOXKECTBOM (Op-
MyJl &2 JNAaHHOW CUTHATYPBI, 3aMKHYTHIM OTHOCHUTEIHLHO JIOPUYECKOTO CJIEIOBAHUS
(B JIOrUKe [IPEIUKATOB IIEPBOrO IOPsIKa ¢ paBeHcTBOM). PopMysibl u3 & Ha3blBa-
€M JIOKa3yeMbIMH B S.

Teopus S = (X, &) Ha3bIBAETCI NEPEUUCAUMOT, €CIU CUTHATYDA Y Pa3periu-
Ma, a MHOXKeCTBO & niepeuncynmo. [TockosbKy ¥ pazpeninma, pa3penmMbiM Oy1er
TaKyKe U MHOXKECTBO BCeX GopMys s JAHHOTO A3bIKa. [OBOpS O IEPeIUCIUMOI
Teopun S, MbI OyjeM IpejrnoaaraTb (PUKCHPOBAHHBIMU HEKOTOpbIe MarmuHbl Thio-
puHra, 3ajgamomue > u .

Kaxk mpaswio, mamuna Thiopunra, mepeducisionas &2, onpeieseTcsa JIeLyK-
TUBHBIM MexaHu3mom teopunu S. Hanpumep, ecoin S 3amana KOHEIHBIM HAOOPOM aK-
CHOM ¥ IIPABUJI BBIBOJA Ha 0a3e r'uIb0epTOBCKOrO NCUYHUC/IEHNs IPEIUKATOB, C TAKIM
3a/IaHUEM CBA3BIBAETCHA ONPEIE/IEHHBI aJrOPUTM IEPEIHNCJIEHNs] BCEX BO3MOXKHBIX
BbIBOZIOB (M BBIBOAMMBIX (hopmyd) B S. OnHAKO B IPUHIMIE MEXAHU3M IepPedrcie-
HUsT TeopeM S MOXKeT ObITH ¥ COBEPIEHHO JPYTUM: HAIPUMED, S MOXKET AIlleJITHpPO-
BaTh K HEJIElyKTUBHBIM PA3PEIIaoNUM IPOIEeLyPaM I BbIACHEHUS UCTUHHOCTH
TeX WM WHBIX CIIEIUAJbHBIX KJIacCoB (opMys (CKazkeM, MPUMEHSITh aJrOPUTMBI
pellieHnsl ypaBHEHUil, eCc/id HEeOOXOMMOCTh B 3TOM BO3HHUKAET B IIPOIECCE MOMCKA
BBIBOJIa). KcTaTh, TaKoro pojja CMellaHHble aJlOPUTMbI XapPAKTEPHBI JIJIsS aKTHBHO
Pa3BUBAIOIINXCS CETOJIHS KOMITBIOTEPHBIX CUCTEM ITOMCKA BBIBOJIA.

WsBecTHO Tak»Ke, YTO CTaHJIAPTHBIA rmjibOEPTOBCKUil (hbopMaT BHIBOIOB BO MHO-
I'UX OTHOIIEHUSX HEYIO00EH JJIs MPAKTUIECKON PabOThl ¢ (POPMATHLHBIMU BBIBOJAMH.
B Teopun nokazarenbcTs paspaboTaHbl pa3sHOOOpPA3HbIE aJIbTePHATUBHBIE 1€y KTHB-
HBIE CUCTEMBI, KOTOPbIE YIOOHBI JJIsi T€X WJIM WHBIX TPUJIOKEHW: CeKBEHIINATbHBIE
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TeHIIEHOBCKUE CHCTEMBI, CHCTEMBI TaK HA3bIBAEMOI'O HATYPAJIBHOTO BBIBOJA U JIPYTHE
(cm., manpumep, [22]). s nepBoii Teopembl [énesisi BBIGOP KOHKPETHOIO JEIYK-
THBHOI'O MEXaHU3Ma HE UTPAET OOJIBIION POJIN.

Haszosem 2édenesoti nymepayueti opmyt a3bIKa Ly, B3AUMHO OJHO3HAIHOE U BbI-
YUCJIUMOE B 06€ CTOPOHBI COOTBETCTBHIE MEYK/Ly MHOXKECTBOM (popMyI1 %5 U HEKOTO-
pbIM paspemmMbiM nogamuoxkectsoM L C N. 3ameTum, 4To, BEIOMpas KaKylo-Jubo
rémeseBy HyMepanuio bOpMyJl A3bIKa, Ly, Mbl CBA3LIBAEM C MEPEIUCIUMOI TeOpu-
eit S Hekoropyio dhopmabhyio cucremy. (Cauraem GopMmyIly © ONpoOBEepKUMOiL B S,
ecm —p nokasyemo B S. IToCKONBKy omepamust ¢ — —( BBIYHCIAMA, MHOKECTBO
OIIPOBEPKUMBIX (DOPMYJI IIEPEUUCTUMON TEOPUU TAKKe OYIET MePeUUuCTUMbBIM. )

QDopmasibaas apugpmerura. Apugpmemura Iearo PA mpempcrasiisier coboit Teo-
PHIO TIEPBOTO MOPSIKA ¢ PABEHCTBOM B sI3BIKE, COJEpIKAIleM KOHCTaHTY 0 U CUMBOJIBI
mg dbyaxnuit cregosanus S(x) = x + 1, cnoxkenus + u ymuoxenus - . Crangapr-
HOIT MoJIe)bIo PA siBjisieTca MHOXKeCTBO HATypaabHbix unces N (¢ Hysiem), paccMar-
pUBaeMoe BMeCTe CO BCeMU 3TUMHU onepanusmu. Axkcuomamu PA, moMumo Jjiornye-
CKUX aKCHOM U aKCHOM PABEHCTBA, SIBJISIIOTCS

Pl. =S(z) =0; S(z) =S(y) =z =1y;

P2. 24+0=uz; 2+ S(y) =Sz +y);

P3.z2-0=0;z-S(y)=(x-y)+=
BMECTE CO CTEMOT AKCUOM UHIYKUUU

@(0) AVz (@(z) = 9(S(x))) — Yz o(x)

s Beex apudmerndeckux Gopmyn @(x) (BOZMOXKHO, COIEPKAIIUX HAPAMETPHI,
T. €. CBODOJIHBIE TIEPEMEHHBIE TIOMUMO ).

Apupmemura Pobuncona Q mosydaercss 3ameHoil B popmysinpoBke PA cxembr
UHJIYKIIAK Ha CJIEJYIONIYI0 aKCHOMY (OYeBUIHO, BBIBOIUMYIO B PA MHIyKImed 110 x):

xr=0V3Iyy=5(x).

Cucrema Q TpaJUIOHHO UTpaeT OOJIBIIYIO POJIb B YCUJIEHUSIX TeopeM [ éness.

Hureprperamun. Jljisi sI3bIKOB U TEOPHIl IEPBOrO MOPSIIKa XOPOIIO U3BECTHO
HOHSITHE OTHOCHUTEJIbHOM mHTepnperaruu (cM., Hampumep, [23]). Wuarepnperanun
CTaJIi IMHUPOKO HKCIOJIB30BATHCSI B MATEMATHYECKON JIOTUKE, IO-BUIMMOMY, IOCJIE
pa6or Tapckoro u Beixoja MoHorpabun Tapckoro, Mocrosekoro u Pobuncona [21],
r7e OHU aKTUBHO IPUMEHSIJIUCH JJIsl NCCIEIOBAHUSI BOIIPOCOB Pa3PENINMOCTH JIOTU-
YeCKUX TEOPUid.

Teopewmbr [€11e5151 IMEIOT MECTO JiJIsi SI3BIKOB U TEOPHil B OIIPEJIeJIEHHOM CMBICJIE
yHuBepcaJbHbIX. Ho /y1st TOro, 4T0OBI TOBOPUTH 00 YHUBEPCAJBHOCTH, HaM HEOOXO-
JIIMO MMETh BO3MOXKHOCTb CDABHUBATH SI3BIKHA MEXK Ty CODOIA, T. €. UMETh JIEJI0 C TeM
WM WHBIM MOHsTHeM mHTepuperaruu. C 9TOil TOYKU 3peHusl, JOCTATOYHO ObIIne
dopmynmpoBru TeopeM [€mesisi ecTeCTBEHHBIM 00Pa30M NPednoaa2aiom MCIOIb30-

BaHMe HHTEpIpeTamii.®

8B GosbIMHCTBE M3JI0KeHUT TeopeM [émerst 5ToT (baKT, TeM He MeHee, OCTAETCs 33 KaJpPOM
WJIM OTMEYaeTCsi JINIIb Ha He(POPMAJIBLHOM yYPOBHE.
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Msr GyzieM HCITOIB30BATH JOCTATOYHO IIMPOKOE MOHSITHE WHTEPIPETAIud, KOTO-
pOe MOXKHO ONHCATh KAK IMOHSTHE MHOTOMEDHOU WHTEPIIPETAINH C OIPEIeIMMbIMUI
napaMerpamMu M HeaBGCOIIOTHBIM OTHOIIEHUEM PABEHCTBA (TOYHOE OIPEIEIEHHUE CM.
B pazzese 9). Takoro poua uHTeprperanuu Mbl OyJeM Ha3bIBATH POCTO UHMED-
npemayuamu. Ilepeson opmymsl ¢ npu uaTeprnperanun I obosnadaem ¢! .

Korma mbr pukcupyem HEKOTOPYIO HHTEPIIPETAIINIO CUTHATYPBI X1 B Yo, MBI (haK-
TUYECKU BBIJIEJISIEM B sI3bIKE Yo HOBBIM COPT MEPEMEHHBIX, COOTBETCTBYIOIMNI 06b-
€KTaM $I3bIKa Y1, U IPeJAUKAThl 1 MYHKIMU U3 X1 HAJ 9TUMU 00beKTaMu (IIPH 9TOM
BBIPA3UTEHHBIE CIIOCOGHOCTH sI3bIKA Yo He MeHs'oTcsi). [losroMy gacTo Mbl Gymem
pacCyzKJaTh O A3bIKaX U TEOPpUAX KakK O MHOI'OCOPTHBIX.

OHUM U3 EHTPAJIbHBIX JIJIs HAC SIBJISIETCS MOHATHE APUPMEMUUECKOT MEOPUL.
Apudnmernyueckoit Teopueil Mbl Ha3bIBAEM TEOPUIO, B KOTOPOil (pUKCUPOBAHA WHTEP-
[peTalys UCIUCIeHus IpeukaTroB B curiarype PA. HedopmasibHO MBI MOXKeM cUn-
TaTh, YTO B si3bIKE apu(pPMETUIECKON TEOPUH BBIJIEJIEH 0COObI COPT OOBEKTOB — Ha~
TypaJbHBIE YUCIA — BMECTE ¢ OOBIYHBIMU apU(PMETHIECKUMY OIIEPAISIMEI HAJI, ITU-
vu oobekTamu. OMHAKO MBI AIIPUOPHU HE MPEIIOJaraeM JI0Ka3yeMOCTH KAKUX-Iub0
HEJIOTUIECKUX AKCHOM JIJIE STUX CUMBOJIOB.

3AMEYAHUE 3. 3aberasi BIepej, OTMETUM, YTO, B IIPHUHIUIE, TEOPHUIO MOYKHO
[IPEBPATUTH B apu(PMETHIECKYIO TEOPUIO PA3JIUIHBIMU CIIOCOOAME, UTO MOXKET BJIU-
JITH Ha ee MeTaMareMaTudeckue csoiicTBa. Paccmorpum jiBe crapjapribie dop-
MaJIn3aly Teopuu MHOXKecTB: l€nens—Bepnaiica GB u Lepmeno-®penxens ZF,,
rne ZF, paccMaTpuBaeM B TeHIIEHOBCKOM CEKBEHIIMATLHOM (ropMmaTe 06e3 IpaBuia
ceuenns. VI3BeCTHO, 9TO MOXKHO BeIOpaTh muaTepuperarmio I apudmernkn Pobumco-
Ha Q B reopun muoxkectB GB TaknM 06pazom, ITOOLI 71T 9TON HMHTEPITPETAIIUN OBLITO
BBIIIOJIHEHO yTBEPzKIeHUe o Henporusopeunsoctu Teopun ZF,, 1.e. GB F Con(ZFg)I
(o sTOoMy TOBOY cM., HAanpumep, [24]). C apyroit cTOpoHbI, A OGBITHON WHTED-
nperarnyy J HATYpPaJIbHBIX YUCEs B TeOpHU MHO2KecTB “110 hon Helimany” 310 He Tak.
B camom nene, GB xoncepsarusno pacmmupser ZF,, u 3ToT hakT MOXKHO JOKa3aTh
B apudmeruke Ileano PA. Ho axcmombr PA BeimosHeHBI Ipy POH-HENMAaHOBCKOIM
MHTepIIpeTanuu HaTypaJibHbix uynce B GB, 1.e. GB PA”’. Takum oGpason, B CIITY
Bropoii Teopembl [énens GB ¥ Con(ZF,)’.

3.3. Yji-oupenesmMoCTb. B s3bike apudmMernkn HepaBeHCTBO & < Y OOBITHO
BhIpaxKaloT Kak 1z (z + & = y). JobaBuM NpemuKaTHBI CUMBOJI < B CUTHATYDY
apudmMeTuku u O6yJIeM CINTATH IKBUBAJEHTHOCTH

<y «— z(z+z=y)

eme oxHoN akcmomoit Q. B pacmupeHHOM TakuM 00pasoM sI3bIKE BBOJISITCS KaK
COKDAIIICHUS 02PAHUYEHHDBIE KEAHITOPbL:

Ve <ty <d:ef> Vo (x <t — ),

def
dJr <ty &= Jx (x <t A Y),

rje TepM t He coJiep:XKuT nepeMeHHON x. DopMmysa ¢ HaA3BIBACTCI 02paHuverHol,
ecyiu Jiroboe BXOXKJIEHHE KBAaHTOPA B (0 OIPAHUYEHO, T.€. UMeeT BUI VI < t 1) wim
Jx < t ). MHOXKeCTBO BeeX OrpaHUYeHHBIX (opMysr obozHadaeTcst Ag.
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Knaccer X,,- u I1,,-popmynt onpejiesisieMm MHIYKIUENH O 7 CJIEIYIONTIM 00Pa30M.
Orpanunvennsie GOPMYJIBbI CINTaeM Kak Y-, Tak u Ilg-dbopmynamu. ¥, 1-dopmysst
cytb dopmyasl Buga 3T (&, y), rue ¢ ecrsb IL,-popmyna; I, 41-bopMyssl cyTh
dopmyaet Buza VI (&, 7), rae ¢ ecrb X, ~-dopmyia.

Crenytomast dbyHIaAMEHTATbHAS TEOpeMa TOBOPUT O COBIAJECHUH KJIACCOB Iepe-
YUCUMBIX U Y1-OMPEJIETUMBIX MHOXKECTB B CTaHAapTHON Mojenn N.

TEOPEMA 4. Mnosicecmeo A C NF nepewucaumo mozda u moavko moezda, xozda
das nexomopots Yoy -gopmyave (L)

neA < NEy[i]

IIpu smom Popmyaa @ cmpoumcs sfhexmueno (3a NOAUHOMUAABHOE EPEMA) MO
mawure Toropunea, 3adarowets mrooicecmeo A, u naobopom.

CyTb 9T0ii TEOPEMBI B TOM, YTO SI3bIK apUPMETUIECKUX 1-(POPMYJI, HHTEPIIPETH-
pyeMmbix B N mpejictaBiisier coboil yHUBEPCATBLHYIO MOJIENIb BbIYUCIeHu. B cMbIcie
9TOoi Mojienn Yq1-hopMylia, orpesesionas rpadpuk 9acTuIHOl (DYyHKINNA, MOXKET
paccMaTpUBaThCA KaK IIPOrpaMMa Jijis BBIYUCJIEHWS 3TOU (DYHKIMH, [IPUYEM Ta-
Kagl rmporpaMma crpoutcs 3hdekTuBHO 10 MaruHe ThopuHTa, 3a/a01eil JaHHYIO
byHKIHIO.

CJIEACTBUE 1. Mnootcecmeo 6cexr uUCmuHHbE Y1 -npedioncenuti nepetucAumo
u Hepaspewumo. Mnoocecmeo scex ucmunnuz 111 -npedioorcenuti Henepeuuciumo.

JTOKABATEJIBCTBO. Bropas dacTth cieayer m3 mepBoit B cuity Teopembl llo-
cTa, MOCKOJIbKY ucTunnble 111-mipemioxkenns 3bHEeKTUBHO COOTBETCTBYIOT JIO2KHBIM
¥ -nipesyiozkeHusiM. JloKarKeM IepBOe yTBep:KIeHNUE.

ITepeuncimmocts MHOXKeCTBa MCTUHHBIX Y1-nipejgiozkenuit Thy, (N) Bbrrekaer
U3 TOrO, YTO CYyIIECTBYeT OYEBUJIHBIA AJINOPUTM IIPOBEPKU UCTUHHOCTHU IAHHOM
Ag-bopmynsl p(Z ) Ha 3aaHHOM HAGOPE aPIyMEHTOB 7. AJITrOpUTM, IPUHUMAOIIIHA
B TOYHOCTH UCTUHHBIE HOpMyJIbl Bujia 3T ¢(Z) miast ¢ € Ag, cocrout B nepebope
BCEBO3MOXKHBIX apI'yMEHTOB 71 BILJIOTH JIO IIEPBOIO HADOPA, BBIMOJIHSIIOIIETO (.

IIycts Teneps K C N — nepeunciimMoe, Hepas3penmMoe MHOXKeCTBO. PaccMoTpuM
3 1-dopmyiy i, onpenensiontyo K B N. Jlna kaxmoro n € N umeem:

ne K < NFEpg[n] <= NEgg(n).

Bamern™, 9T0 X1-popmysa @i (n) crpourcs 3bEdEKTUBHO HO 1. 3HAYUT, BOIPOC
0 IpUHAJJIEXKHOCTU N € K CcBOAUTCA K BOIPOCY 00 MCTUHHOCTH X.1-IIPEJJIOZKEHUS
v (n). CuenoBarenbHO, MOCJHEHAN BOIPOC HE MOXKET OBIThH PEIIeH aJrOPpUTMUYIE-
cku. Cruencrsue 1 jg0Ka3aHo.

IIpemimecTBenHnKOM TeopeMbl 4 OBLT pe3yabTar [éxens o6 apudmMeTHIHOCTH
IIPUMHUTUBHO peKypCcUBHBbIX oTHomeHuil. Paxkrmdecku, [€nemp ykazan crocod mo-
CTPOUTH II0 JAHHOW IPUMUTHBHO PEKYPCUBHOI CXeMe HEKOTOPYIO apudMerndec-
Kyl (OpMyJly, KOTOPYI0 MOXKHO OBLIO ObI Ha3BaTb 0000WeHHol X1 -Popmyasod.
C. ®edepman [25] nasbBaer Takme dopmyiasl RE-dbopmynamu. B dopmysax,
[TOJIy9aeMbIX KOHCTPYKIMeil [€mesisi, IOIMyCKalTCs HEOIPDAHWYEHHBIE KBAHTOPBI



TEOPEMBI T'EJIEJISI O HEIIOJIHOTE 77

CyIIeCTBOBaHUsI B 00JIACTH JIEHCTBUS OrPAHMYEHHOTO KBaHTOpa obmuocTu. O 1HAKO
MOKHO 3aMETUTh, YTO B CTAHIAPTHON MOIEIN apU(PMETUKHN BBLITOJIHSIETCSI CTEM
Y1 -02parunerrocmu

Ve <ydze(z,y,2) «— JuVe<y3Iz<up(z,y,z),

9TO MO3BOJISIET PE0OPaA30BaTh 0000IMEHHYIO Y1-hopMyiry B X1-bopmyry. Tem ca-
MBIM, TeopeMma, 4 JIETKO BBITEKAeT U3 MEPBOHAYAIBHON KOHCTpYKImu [6mers.

Knacenr apudmverndeckux X,,- u I1,-npemkaTos BosHuKIM B paborax Kouau [13]
u Mocrosckoro [19].

[Tousite Ag-opMysibI U COOTBETCTBYIOIIEro Kjacca npeaukaroB Ha N ObLIO
BBeieno B kuure Cmanbgana [16]. g sroro kiacca moszxe ObLIM II0JIy9€HbI WH-
TePECHBIE HE3ABUCUMbBIE XaPaKTEPU3AIUU, B YACTHOCTH, B TEPMUHAX TEOPUU CJIOK-
noctu Berauciennii. Kiacc Ag B HACTOsIIIiee BpeMsT UTPaeT BayKHYIO POJIb B UCCIIE-
JIOBaHUAX 110 OrpaHudeHHoil apudmeruke (cm., Hanpumep, [26]). HcunosnbzoBamue
Ag-ONpeIEIUMBIX U Y.1-OTPEJIETUMBIX OTHOIIEHU! BMECTO MPUMUTHBHO PEKYPCUB-
HBIX B JIOKA3aTeJIHLCTBE TeOpeMbl 1 6/1e1s1 O3BOJIsIeT M30€KATh He HyKHOT'0, 110 CYIIe-
¢TBY, hopMaIU3Ma IIPUMATHBHO PEKYPCUBHBIX CXeM U paboTaTh HAIIPSIMYIO B SI3bIKE
apudmeruku (cm. [16]).

XOpOoIIo U3BECTHBI YCUJIEHHUST TEOPEMBI 4, CBSI3aHHBIE C BO3MOXKHBIM JAJbHEH M
cyxkeHueM Kjacca 2i-gopmys. Tak, u3BectHas Teopema MarusceBuda, onuparo-
masicss Ha npemrectByomue pe3ysabrarel M. ssuca, X. [larnema u [Ix. Pobun-
COH, JlaBIas orpunaresabnoe penterre 10-it mpobsemsr I'miibbepra, yTBEpKIAET, ITO
BCAKOE [EePEYUCJMMOe OTHOIIEHUE OIpeneiuMo Jaxke dbopmysioii Buga 3§ A(Z, §),
rje A — paBeHCTBO JIBYX TEPMOB, T.€. MHOTOUJIEHOB ¢ HATYPAJbHBIMU KO3MDhUIm-
entamu (cM. [27], [28]). Takue dbopmyssl MBI OyieM HA3BIBATH QUOPHAHMOEHIMU.

JlokazaTeabCcTBO TeOpeMbl 4 3aBUCUT OT BBIOPAHHOM MOJIEJIM BLIYUCJIEHUN TIpU
olpeeJIeHNN IIepeIncJaAnMOro MHOXKeCTBa. ECJ'H/I HCIIOJIB3YIOTCA MalllMHbI TbIOpI/IH-
ra, TO 3ajia4a CBOJUTCS K ocTpoeHno Ag-onpeenenns npeaukara 1'(e, z,y) “y Ko-
JIUPYeT IPOTOKOJI BBIYHUCJICHHUS MAIIMHBI ¢ HOMEPOM e Ha BXoje x’. DTOo c/eraThb
Jlaxke rporie, deM apudmern3nposaTh 1o [€emo npeaukar jpokazyemoctu B PA,
ITOCKOJIbKY TpaBmiia paborsl Mamuubl ThiopuHra 60see 3JIeMEeHTapHBI, Y€M CHHTAK-
CHC JIOTUKH [IEPBOIO OPSIJIKA.

P. Cmyaubsan [16]|, ucnoans3dys HekoTopble TexHumdeckue Haxonxku Kyaitna, pas-
paboTasl OJINH W3 CAMBIX MPOCTBIX METOJOB aphdMETU3aII, KOTOPHII TO3BOJISET
n30exKaTh UCHOJIb30BaHus (B-pyHKiuu [6nens u KuTailckoii TeopeMbl 00 OCTaTKaX.
Bwmecto mamun TrhiopuHra oH paccMaTpUBaJI APYIYIO YI0OHYIO YHUBEPCATBHYIO MO-
JIeJIb BBIYHUCJICHUI — TAK HA3BIBAEMBIE 2AEMEHMAPHBIE BPOPMANLHDLE CUCTIEMbL, POJI-
CTBEHHBbIE KAaHOHUYEeCKUM cucteMaM llocra.

3.4. CemauTudyeckuii BapuaHT IepBoii Teopembl ['€nessa. Kax mbl mmom-
HUM, (DOPMYJIUPYsI CBOU TeopeMbl, 16/1esh n3beras cemantudeckux mousaruit. Ce-
MaHTUYeCKUE BApUAHTHI IIepBOii TeopeMbl [€11ei1s1, yTBEep:KIat0IIKe CyIeCTBOBaHIE
[IpU OIIpPEeJIEJIEHHBIX YCIOBUSIX UCTUHHOTO HEJIOKA3YEMOI'0 YTBEPKIEHUSI, UMEIOT 0O~
Jiee ecTecTBEHHbIE (POPMYJINPOBKH U HoJIee TIPOCTHIE JJOKA3ATEIbCTBA. 3a 9Ty IIPO-
CTOTY MBI IJIATHM JIBYMSsI BEIIIAMU: BO-IIEPBBIX, CAHTAKCUIECKIE BAPUAHTHI TEOPEMBI
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Ténens, kak npaBmiIo, CUIbHEE CEMAHTHYECKNX; BO-BTOPDIX, MBI UCIIOJIb3YEM HedJIe-
MEHTapHOe IOHSATHE MCTUHHOCTU B MOJeJu. B 9YacTHOCTH, MBI JlaXKe He MOXKeM
chOopMyIUPOBATH CEMAHTUYIECKUH BaAPUAHT TeopeMbl 1 6/1e/1s B s13bIKe apuMETHKH.

Huke MBI yBUIUM, YTO CHHTAKCUYECKUE BAPUAHTHI TEOPEMBI [ €/1e/1s1 TI0JTy 1ar0TCs
U3 CEMAHTUYECKUX C IOMOIIbIO HEKOTOPOH JONOJIHUTEJIBHON TEXHUIECKON nien.

Hamomuum, 9ato apugmemureckumu Mbl HA3bIBAEM TEOPHUH, B KOTOPHIX (DUKCHU-
poBamHa wmHTepupeTanus s3biKa apudmernku [learno. MoxkHO cunTaTh, 9TO A3BIK
apudMeTIIeCKuX TEOPUil COIAEPKUT BBIIEJIEHHBIN COPT IIEPEMEHHBIX 10 HATYPaJIb-
HBIM 9UCJIaM U BCE€ CUMBOJIbBI CUTHATYPbI apI/ICbl\leTI/IKI/I JUId JTAaHHOI'O CcopTa.

ONPEAEJIEHUE 7. Ilycre ' — sr060e MHOXKECTBO apudMeTndecKux (pOpMy.I.
Apudnmernyueckasi Teopusi T HazbiBaeTcs: ['-noanoti, ecan jjist 0600 MpeJIoxKe-
nusg A €T

NFA = TFA

T waszwiBaerca '-koppexmmuol, eciu BepHa O0paTHAs MMIUIMKAIULA: I JIOOOTrO
npemyoxenus A € T’
THA = NEFA.

Ecmu I' — mHO)KECTBO BCex apudMeTHIeCKUX MPEeJIoKeHN i, Teopusi 1 Ha3bIBAETCS
COOTBETCTBEHHO CEMAHMUYECKU NOAHOU T KOPPEKMHOU.

Samernm, gTo ['-110JIHOTA TEeOpUU HACTELYeTCs IIPU EPEXOJIE K ee PACIIUPEHUIM,
a I'-koppekTHOCTD — Ipu Tiepexo/ie K nmoareopusiM. [lockoabky Bce akcmombr PA mnc-
THUHHBI B CTAHIAPTHOM MOiesid, 09eBUIHO, PA KOppeKTHA 1 TeM caMbIM ['-KOppeKTHA
i Jioboro I,

JIEMMA 1. ITycmos T — apudmemuneckan meopus.

(i) T asasemcs Yy y1-n0anotl mozda u moavko mozda, kKo2da ona I, -noana.

(ii) T asasemcs I, 41 -Koppexmnot mozda u moavko moeda, K020a ona L, -Kop-
peKmma.

JOKA3ATENLCTBO. (i) Ecom ¢ € 1T, u N F 3% (&), ro N F ¢(i) a1t HEKOTO-
poro natopa 1. Eciu T II,,-nosnna, ro T'F (7 ), orkyna T+ 37 (&) no upasusiam
ucuucienus npeaukaros. Jlokazareibcrso (i) aHasgorudso.

Teopema 4 103BOJIsIET OIYYHUTH HEPBYIO TeopeMmy [€nessi 0 HENOJIHOTE B CIIeLy-
foeli craHnapTHON (ceMaHTHIeCKol) HhOPMYIUPOBKE.

TEOPEMA 5. Ilycmov T — nepevuciumasn apu@memuieckas meopus.

(i) Ecau T nenpomusopewusa, mo T Ty -nenoana.

(ii) Ecau ® momy orce T Xq-xoppexmmua, mo 6 T cywecmsyem nedokasyemoe
u neonposepotcumoe Iy -npedaoorcenue.

JIOKABATEJIBCTBO. [lomyctum, aro T Ili-monma. Torma, B cumy mpeablaymieit
sgeMMbl, B T IOKa3yeMbl Bce UCTUHHBIE U OMPOBEPKUMBI Bee JioxKHbIe 17 -11peioxe-
Husl (II0CJIE/IHIE COOTBETCTBYIOT UCTUHHBIM X1-npeiiozkernsMm). Ecau T Henporu-
BOpeYnBa, TO OTCIO/IA MOJIydaeM Jiist Jioboro ¢ € Iy

NEp <= Tt o
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B cuny nmepeunciaumoctu T 9T0 03HAYAET, 9TO MHOXKECTBO UCTHHHBIX I1;-T1peioxe-
HOAU IEPEeYnCINMO, 9YTO IPOTUBOPEUHUT CJIEJICTBUIO 1.

Homyctum, uro T ¥1-KOpPPEKTHA U ¢ — UCTHUHHOE Hejokazyemoe B 1' I -ipemio-
xenme. Torjma —¢ SKBHBAJIEHTHO JIOXKHOMY X1-IPEIJIOXKEHUI0, OTKyIa 1’ ¥ —p.
Teopema mokazana.

OrmeTnM, 9TO B TeOpeMe 5 OTCYTCTBYET ObIBIIEe IIEPBOHAYAIBHO Y [ €11e1s1 1Ipei-
TIOJIOZKEHUE O TOM, 9TO T’ cofiepKuT apudmMeTniIecKue akCuoMbl. 'TeopeMa, B 4aCTHO-
CTH, IPUMEHNMA U K YUCTOH TeOpuu paBeHCTBa B apudMerndeckoM si3bike. OIHAKO,
6e3 JOIMOJTHUTEIbHBIX OIOBOPOK MBI HE MOYXKEM yTBepXKJaTb, 4To Teopusi 1 Oymier
HepazpeluMa.

ITpuMEP 1. PaccMmorpum Mojesib si3biKa apudMEeTUKu ¢ HocuTeseM N, B KOTO-
poit cumBoJibl 0, S, = UMEOT OOBIYHBIN CMBICT, & T + Y U T - Y MOHUMAKTCS KaK
max(x,y). IIycrs T — anemenTapHast Teopust 3Toil Mojeau. Pasymeercs, T HeKOp-
pekTHa (B CMBIC/IE CTAHAAPTHON MOJIE/IN), HO HENPOTUBOPEUYMBA U CUHTAKCHUYECKU
nosna. [TockosibKy max BbipazkaeTcs depes < u jieMenrapaas reopus (N, <) pas-
pemuMma, To T' pazpemmumMa.

DTOT IpUMEP MTOKA3BIBAET, ITO TEOPEMA D HE SBJISIETCS CJIEICTBUEM a0CTPAKTHON
CHHTAKCHAYIECKON BEpPCUU IEPBOil TeopeMbl 1 €1eiist, TaHHOM BBIIIIE.

3.5. Y;-moJHOTa M CUHTaKcu4deckuii BapuanT teopembl I'€mens. Ilepe-
XOJT OT CEMaHTUYIECKOTO K CHHTAKCHIECKOMY BapHAHTY TeOpeMbl 1 €esis ommpaer-
¢ Ha CBOMCTBO Y1-TIOJIHOTHI, KOTOPOE MOYKHO YCTAHOBHUTD JIJIsI IIIMPOKOTO KJIACCA
apudPMETUIECKIX TEOPUii.

Bo-11epBbIX, KOHKPETU3UPYEM IOHATHE BBIPA3UMOCTH (OIpezesieHue 5) IJisl CIIy-
qasi apuOMEeTUIECKUX TEOPHUit.

ONPEAEIEHUE 8. Mnoxkecrso A C N npedemasumo® 6 T, eciu cymecTsyer
dopmyna ¢ 4(x) Takas, aTo

necA <= TFoun).

3amMeTnM, 9TO MPECTABUMOCTH MHOXKecTBa A B T’ Bjeder ero BbIpa3uMocTh B 1,
[OCKOJIbKY (DYHKIIUS IIOJCTAHOBKY 7 — (N ) BBIYHUCIUMA.

. us 1 a4 A D11 - i 1- i
JIEMMA 2. Ecau meo T asasemca Y1 -noanoti u X1 -koppekmnot, mo aoboe
nepesuUcAuUMoe mrosrcecmso npedcmasumo 6 T .

JIOKABATEJILCTBO. Ilycts A — mepetuncimmoe MHOXKECTBO U (9 4 — €r0 1-OIpe-
JleJleHre B CTAHAAPTHOI Momesn B cMbicie oupefenenust 4. Torma, oueBumguo, ¢ 4
npesacrasiasger A B T. Jlemma jjokazana.

DTa JieMMa T03BOJISIeT MPUMEHUTDH JAHHYI0 HAME BbIIE abCTPAKTHYIO BEPCUIO
epBoit Teopembl ['€1e1s1, eciin ycTaHOBJIEHA Y.1-TIOJTHOTA, Teopuu 1.

OrMeruM Tak»Ke, UTO JJIsi 1-TOJHBIX TEOPUN CEMAHTUIECKOe YCJIOBHE 31-KOD-
PEKTHOCTH MOYKHO 3aMEHUTH HA OCJIA0IEHHBI BAPHAHT T6/IeJIEBCKOT0 YCIOBUS w-He-
[IPOTHUBOPEINBOCTH.

9970 MoHATHE HA3LIBAIOT TAKXKe Hymepyemocmwio 6 T, a dopmymy 4 — HyMepanuei MHOKe-

crBa A B T [25].
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JIEMMA 3. ¥j-noanasa apugpmemuneckan meopus T sasasemces 31 -Koppexmuot
mozda u moavko moeda, koeda dan 4060t Popmyass p(x) € Ag caedyrougue yeaosus
HE BLINOAHAIOMCA 00HOBPEMEHHO:

() T3z o(z);

(ii)) T+ —p(n) das scex n € N.

YeaoBue, 0 KOTOPOM UJET Pedb B 3TOM JieMMe, 0OBIYHO HA3BIBAIOT 1-Henpomuso-
pewusocmovio Teopun 1.

Ham ocrasioch HalTH JOCTATOYHBIE YCJIOBUSA Y.1-TIOJHOTHI apuU(MMETHIECKON Teo-
pun. st 3TOro J0CTATOYHO yKa3aTh OJHY, 10 BO3MOXKHOCTH CJIADYIO, Y1-TIOJHYIO
Teopuio. TpajunuoHHO B KadecTBe Takoil Teopuu durypupyer apudmernka Po-
Guncona Q miau jaxe HeKOTOpas Oosiee ciabas Teopust R (3Ta Tpagunus BoCXOauUT
k monorpadun Tapckoro, Mocrosckoro u Pobuncona [21]). Teopus Q cuibnee R,
HO 33/]a€TCST KOHEUHBIM YUCJIOM aKCHOM.

TEOPEMA 6. Teopus Q sasasemcs X1-noanod.

Wnest 1oKa3aTe/ibcTBa X1-TIOJHOTHI IIPOCTA: UCTUHHOCTH JIFOO0ro Ag-1peioxKe-
HUsI (© MOXKET ObITh 3(pPeKTUBHO ITpoBepeHa. Takasi MpOBEPKa, 10 CYIIEeCTBY, Pel-
craByigeT coboil JI0KA3aTe]bCTBO ¢ B Q, €C/ii (o MCTUHHO, WJIA OIPOBEPIKEHUE (p,
ecim  jioxkHO. DarTUYecKu, I 3TOrO JOCTATOYHO YCTAHOBUTD, YTO B Teopuu Q
JIOKa3yeMbl HEKOTOPBIE IpocTeiiinme (haKThl, KACAIOMNECS KOHKPETHBIX HATYPaJIb-
HBIX YIUCEJT.

JIEMMA 4. Caedyrowue gopmyav doxasyemos 8 Q:
Rl. m+n=m+4n;

R2.

R3. =(m =n), ecau m # n;

Ri. z2<n < (z=0Vez=1V---Vz=n).

‘n=m-n;

A3
|

Ha ocHOoBe 3T0il JleMMBI HETPYJHO YCTAHOBUTH WOJHOTY Q OTHOCHTEIHLHO
Ag-TIpeIOzKeHn, OTKY/Ia BHITEKAET U Y1-TIOJTHOTA B CUJIY JIEMMBI 1.

Teoputo B si3bIKe apudMETUKH, PACIIMPEHHOM CHMBOJIOM <, AKCHOMATHU3UPYE-
Myt Bcemu dopmysinavu Buga R1-R4, mHasbiBaem caaboti apupmemurot Pobunco-
na Ry. Takum obpazom, 31-MOTHOTA UMEET MECTO U JJisi JIIOOBIX pacimupenuii Rg.
Orciofia ToJIydaeM CJIeJIyTolee CJIeICTBHE.

CHEACTBUE 2. [Tyemov T — X1 -koppexmuas meopus, codepocawasn Q (uau da-
oce Ry). Toeda 6 T npedcmasumov, 8ce NEPERUCAUMBLE OTVHOUEHUSA.

3 TeopeMbl 2 BBITEKAET CJEIYIONAd TeoOpeMa, KOTOPYIO0 MOYKHO CUUTAThH CTaH-
JIAPTHON CHHTAKCUYIECKOI pOPMYJIUPOBKOIl 1epBoii Teopembl [€1esist 0 HEIOJIHOTE.

TEOPEMA 7. Ilycmov T — apupmemuueckas meopus maxas, wmo
(i) T codeporcum Q (uau dasce Ry),
(il) T nepewucauma,
(iil) T asasemcs L1 -woppexmuot (uau orce 1-nenpomusopewugot).
Tozda T mepaspewuma u HENOAHA.
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OrMernM, 9TO 3aKJ/IIOYEHUE STOW TeOpeMbl CHJIbHEE BTOPOU YACTH TEOPEMbI 5,
ITOCKOJIBKY JTOTIOJTHATEJBHO MBI YTBEPKIAEM U HEPA3PEIuMOocTh Teopunt 1.

M3 teopembl 7 JIerko BLIBECTH BTOPYIO YacTh TeopeMbl 5. Ecmm T aBasercs
31 -KOPPEKTHOI, TO TaKOBOIi siBJsieTcst u paciupenne T Bcemu akcnomamu Ry (ak-
croMbl Ry GECKBAHTODHBI), & K 3TOMY DACIHINPEHUIO IIPUMEHIMA TeopeMa 7.

OTMmeTnM TakKe, 9YTO CJIeJCTBHE 2 MOXKET ObITh YCTAHOBJIEHO JIJIsi JIFOOBIX HEITPO-
TuBOpeunBbIx Teopuit T [8].

3.6. Teopema I'émensi—Poccepa. AGcrpakTHas Bepcusi TeopeMbl [ émens—
Poccepa ommpaercst mHa cBoiictBo Teopun 1 OTHEISATH HAPbI HEMEPECEKAIONUXCS
[IEPEYnCIUMBIX MHOXKECTB. JIjIs JJoKa3aTeIhbCcTBA 9TOr0 CBOMCTBA HAM MTOHAI00NTCS
CIIeJIYIONIAs JIEMMA.

JIEMMA 5. /Jlas kaoicdozo n € N 6 Q gweoduma opmyra

n<rVr<sn

Pacmupenne teopun Ry takmmu dopmynamu s Bcex n obozuagaeM R, Tem
cambiM, R comepxkurca B Q. Curenyromasi ieMMa TOBOPUT O TOM, 9TO Teopus R,
a 3Ha4uT, 1 Q, OTJE/IsIeT Maphl HEIIEPECEKAIOIIIXC Sl EPEIUCTUMBIX MHOXKECTB.

JIEMMA 6. ITycmws A, B C N — nenepecexaroujueca nepesuciumvie MHONCECTNEA.
Tozda natidemes X1 -gopmyaa (x) maxas, wmo dan awobozo n € N

() ne A=RE o),

(i) n€ B=RF =p(n).

JIOKABATEJBLCTBO. Ilo Teopeme 4 Haiigyrcst Ag-dpopmyiibl Ag u By Takue, 94T0

neA <= NE3IzxA(n, ),
ne€B <= NE3JyBy(n,vy).

st siro6oit popmysibl C' u Tepma ¢ 0603HAIMM

Vo < tC(z) & Ve <t(z=tVvC(x)).

Ilooxkum Tenepnb

(z) Lo (Ao(z,2) AVy < z-By(z,y)).
Hedopmainbho, ¢(z) yreepxkaaer, 4o paboTa aJropurMa, IPUHEMAIOIIEr0 MHOXKe-
CTBO A, Ha BXOJIe 2z 3aKAHYNBAETCs PAHbINE PADOTHI aJITOPUTMA, IPUHUMAOIIEro B
(“poccepoBckoe cpaBHeHUE CBUETEICH”).
Eciu n € A, 1o 111 HEKOTOPOTO M UCTUHHA (DOPMYJIa

Ao(n,m) ANy < m=By(n,y).

B cuny ¥p-nonmmoTsl apudmernku R nosyuaem, aro sra dopmysa gokasyema B R,
orkyna R+ p(n).
Ecmu n € B, 1o [j1s HEKOTOPOTo m UCTHHHA (DOPMYIa

Bo(n,m) Ay < m—Ag(n,y). (4)
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B cuny ¥i-monsorer R momyaaem, aro sra dopmysa mokaszyema B R. Orcroma cire-

ayer, 9to R F —p(n). TogcauMm 310 ciiepyomumM paccyzKIeHueM, KOTOPOe JIETKO

upeobpa3oBaTh B (POPMAJILHBII BLIBOJ IIPOTUBOpeUns u3 runoressl p(n ) B R.
Homycrum ¢(n ). Torga njist HEKOTOPOro

AO(@? LE) /\vy < (E_‘Bo(ﬂ, y)

Ecin < m, o umeem —Ag(n, z) u3 (4), aro nporusopeunt Ag(n,z). Ecau xe

m < x, To umeeM —By(n, m ), aro nporusopeunt By(n, m ) uz (4). Ilo semme 4 B R

BBIBOJMMO VI (x < m V m < x), OTKyJa ciiefyer TpebyemMoe IPpOTUBOpEYne.
Jlemma mokazana.

W3 310it 1eMMBI U TeOpeMbl 3 HEIOCPEICTBEHHO IIOJIyYaeM CJIEIYIOIIee yTBePK-
JIEHUE.

CneacTBUE 3. (i) Cucmema R neomodesuma.
(ii) Jhobas nenpomueopeuusas apupmemuseckas meopua, codepocawan R, ne-
PA3PEWUMA.

Orcrona Tak)ke BbiTeKaeT meopema Ié€deas—Poccepa.

TEOPEMA 8. IIycmov T — apudmemuneckas meopus makas, wmo
(i) T codeporcum R,
(ii) T nepewucauma,
(iii) T nenpomusopeuusa.
Tozda T neomodeauma u, meM CaMbM, HEPA3PEULUME U HENOARG.

3.7. 9dbdexkTuBnocts Teopem I'€nenss mu Poccepa. Ha nepsbrit B3rIsi,
[IpUBEJICHHDIE JTI0Ka3aTesIbcTBa TeopeM [€nens u Poccepa He 103BOJIAIOT MOy IUTD
sIBHBIE IPUMEPHI HE3ABUCUMBIX apU(MOMETUIECKUX YTBEPKIECHUN, TOCKOIbKY OIMPa-
IOTCsI HA PACCyXKJieHusi OT TpoTUBHOrO. OIHAKO 9TH MOKA3ATEHCTBA JIETKO MO~
durmpoBaTh TaKUM 00pa30M, ITOOBI ITO CTAIO BO3MOXKHO.

HamomuuM, 9T0 CTaHIAPTHOE MEPEUUCTIMOE HEPA3PEITNMOe MHOKECTBO

K = {z € N: p,(z) oupeneneno}
ABJIAETCS KPEAMUGHDILM, T. €. JIJIs JI000r0 HepedncIIMOr0 MHOXKECTBA,
W, = {x € N: ¢, (x) oupeneseno}

MOKHO 3hIEKTUBHO 10 N yKa3aTh 4UCI0 & Takoe, 4ro & ¢ K U W, Kak TOJbKO
KnW, = @. ®akruiecku, B KA9eCTBE & MOXKHO B3ATb CAMO N, IIOCKOJIBKY N €
K< neW,.

Iycrs Y (x) — ¥1-bopmyna, mymepyiomast K B T (nwiu Beipaxkatonias K B cran-
JIapTHOil Mozesnn apudmerukn). JlokazaresbcTBa TeopeM 5, 7 onupasuch Ha TO,
YTO B IPEIIOJIOXKEeHNH T0JHOTH T dbopmyina =)y () HyMepyer JONOJTHEHHe MHO-
xkecrBa K. OziHAKO 6e3 3TOro (JI0XKHOTO) TIPEJIIIOJIOXKEH s Mbl MOXKEM JIAIIb yTBEp-
KIATh, 9TO g () HyMepyeT HEKOTOpOe IepedncJmMoe MoaMHOXKecTBo K/ mo-
nosHernss K. HeKoTOpwIil MHIEKC 3TON0 MHOXKECTBA, T.€. YUCIO 71, JJIsi KOTOPO-
ro K' = W,,, MoxkeT ObITh HaiijIeH SBHO, IMOCKOJIbKY HAM M3BECTHBI KakK (hOpMyJia
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-k (), Tak U Iporpamma, nepedncsonas reopeMbl 1. VIcronb3yst KpeaTuBHOCTD
MHOXKecTBa K, mosrydaem dmciio m, njst koroporo m ¢ K U K'| orkyna cieyer,
g0 HU Y (m ), HU ) (m ) He gokasyema B T. Taxum o6pa3oM, UCHOJIBb30BAHUE
kpeaTuBHOCTH K MO3BOJIsIET MOJYyUUTh 3(MMEKTUBHBIN BAPUAHT MEPBON TEOpPEMbI
Ténenst.

st anannsa Teopembr [€mens—Poccepa Mbl ncmomb3yeM 3¢ HEKTUBHBI BAPAAHT
MOHSITUST HEOTAEUMON Maphl MEPEIUCTUMBIX MHOXKeCTB. Kak MbI IOMHUM, Tapbl
HETIEPECEKAIOTIUXCS TIEPEIUCTIUMBIX MHOYKECTB OTOXKIECTBIIAIOTCS ¢ BBIYUCTUMBIME
gacruaabivu Gyaiuamu g: N — {0,1}. Crangaprabiii npuMep HEOTJAEJUMON [a-
Pbl [IEPEYHUCIIUMBIX MHOYKECTB JaeT BbluucianMas (yukuus F uz (3), He mpozmos-
JKaeMasl J10 BCIOJIY OIIPEJIEJIEHHOM BBITUCIANMOM (DyHKIMH. DTa QyHKIMs hakTude-
cku obJiasgaer 6ojiee CHIIBHBIM CBONCTBOM APdexmusHoti HENPOJOAHCAEMOCTU: TIO
BCSIKOW BBIYHCIMMON (DYHKIIMH @, IpoIosKatomieil F', MoxxHO 3ddekTuBHO 110 N
yKazaTh Takoe m, uTo ¢,(m) ue omnpejereno.'’ (CooTsercTByIONIyto mapy nepe-
YHUCJIMMBIX MHOYKECTB HA3BIBAIOT IfPermueHo Heomoeaumod.)

JokazareabcTBo TeopeMbl 1é1ens—Poccepa 6aszupyercst Ha jJeMMe 5, KoTopast 3h-
deKTuBHA B TOM CMBICJIE, UTO [MO3BOJIAET II0 3aJaHHOI Iape MepedrcC/IMMbIX MHO-
xkectB (A, B) siBHO ykasarh dopmyiy v, ormensiortyio napy (A, B) B Teopun R.
B namem ciaygae Mbl paccmarpusaeM mapy (A, B), 3amannyio marmmuoit Twhiopun-
ra M, Beraucasomeit 3OGEKTUBHO HETPOIOIZKAEMY0 YaCTHIHYI0 (GyHKInuoo F.
Tomb3ysick 3¢ dEKTUBHOCTHIO TOCTPOEHUST Y21 -0Ipeaeaennii Muoxects A u B 1o ma-
mmae M, oJydaeM COOTBETCTBYIOIILYIO (DOPMYILY Yy .

C dopmyiioii ), CBA3BIBAETCS TEEPh JApyrast BhIYUCIUMAsT YaCTHIHAsT Dy HKIHST

) eCJ'H/ITFd}M(ﬂ%
fln)=<0, ecrm T = —bps(n),

He OoIIpeJie/IEHO B OCTaJIbHBIX CJayYdadX.

ITo ompenesrenuio Yy, MBI 3HaeM, 9To GyHKIMa f npomomkaer F. 3amerum, 9To
1o popMmyJie Yy U Iporpamme, Nepeducydioniei TeopeMsl T, Mbl MOXKeM 3P dek-
TUBHO HaiiTu mHuekc n Gpyukuun f. DddexkTuBHas HEIpogoKaeMocTh F naer
qucsio m, Ui Kotoporo f(m) He oupenesieHo, T.e. HU Ypr(m ), HE —pps(m ) He
Jokaszyema B T

4. O rpaHuilax MPpUMEHNMOCTH TepBoil Teopembl '€ /1eist

Kak cemanTmyeckast, Tak 1 CHHTaKCUIecKass (pOPMbI TeopeMbl [ €1e/1s1 cotepkaT
HECKOJIBKO YCJIOBUil. AHaIM3upoBaTh UX yI00HO, 3adUKCUPOBAB HEKOTOPBIE U3 HUX
U BapbuUpysl ocrajbHble. Hanbojiee BaXKHBIM YCJIOBHEM SIBJISIETCSI IIEPEUMCIMMOCTD
Teopun 1', TO9TOMY MBI PACCMOTPUM POJIb JIPYIUX YCJIOBHIl B IPEIIIOJIOXKEHUN 1€~
peuucymmoctu 1.

3aMeTnM, YTO IIPU ITOM IIPEJIITOI0KEeHNN (DAKT HEITOJTHOTHI Teopun 1 BBIBOJUTCS
u3 GoJiee CHIILHOTO (haKTa €e Hepa3pemuMOCTh. TeM caMbIM, MCC/IeIOBAHTE BOIIPO-
ca 0 HermojHOoTe Teopun 1 TpEBpAIaeTCsd B WCCAEJOBAHNE YCJIOBUM, TPU KOTOPBIX
rapaHTUPYeTCsl ee HePa3PEInMOCTh.

IOILJIH nauHoM F' pakTuuecku m = n.
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Bompocsr pazpenmMocTy 1 Hepa3pernmMOCTH JIOTHIeCKUX TEOPHUil SIBJISIIOTCS O
HAMH U3 TEHTPAJIbHBIX B MATEMaTHYECKOH JIOTMKEe. B YacTHOCTH, UM YJIeNIsIoCh
6oJibiioe BHUMaHue B paborax A. . Masbliesa u ero mkosibl. B HacTosieii crarbe
HET BO3MOXKHOCTH JIATh CKOJIbKO-HUOY/Ib IIOJIHBINA 0030P 9TO TeMbl. Y KaxKeM JIMIIb
MoHorpaduio [29] u 3ameuarensHbli 0630p [30], mo cux mop He yTpaTuBHIH CBO-
eil aKTyaJbHOCTU. 37eCh Mbl OTMETUM JIMIIb HEKOTOPbIE OTIE/IbHbIE HAIIPABJICHUS
nccJie/IoBaHuil, Hanbosee OJIM3KNE K PACCMATPUBAEMOI HAMU 33/1ate.

Cemanmuueckan gopmyasuposra TeopeMbl [Ey1esist sl T€PEINCTUMBIX TEOPUit
CBOJINTCS K YTBEPKJEHUIO O HEITEPEINCIUMOCTU MHOXKECTBA UCTUHHBIX apudMeTH-
geckux Ilj-mipesroxkenuit. Bo3MmoxKHBIE Bapuamnuum 3TOi TEOpeMbl WJIYT IO JIBYM
HAaIIPABJIEHUSIM.

Bo-niepBbIx, ocTaBasicb B paMKax si3bIKa apuMETHKN, MOXKHO HCCIEI0BATH 0OO-
Jiee y3Kue Kaacchl popmyit, gem 11y, j1j1ist KOTOPBIX COXPaHSeTC sl HEIEPEIUCTUMOCTD.
CMBICJT TAKUX UCCJIEJIOBAHUI COCTOUT B IMOMCKE HAMOOJIEe TPOCTHIX Mo hopMe Hepas-
PEIMMBIX 3a/1a9 M, COOTBETCTBEHHO, HE3ABUCUMBIX Ipeioxenuii. CaMble mHTEpec-
HbIe PEe3yJIbTATBI B 9TOM HAIIPABJIEHUN CBSI3aHBI C MccaenoBanusamu 10-it mpobiieMbr
T'unbbepra u ¢ Tak HasbiBaeMbIMU JAuOMaHTOBBIME dhopMaMu TeopeMmbl [8ems (6o-
Jiee TIOPOGHO 06 ITOM CM. HUXKE).

Bo-BTOpBIX, 0YeHb AKTUBHO M3YJAaJHCh BOIIPOCHI O PA3PENTUMOCTH TEOPUil B JIpy-
IUX #A3bIKAX; IPUYIEM OCOOEHHO MOAPODOHO MCCIIEIOBAJIACH PA3peIuMbie (hparMeH-
THI a3bIKa apudmeruku. Haumnas ¢ kimaccuwaecknx pedyabraTtoB M. IlpecOypre-
pa u T. CkosieMa, [IOKa3aBIIUX Pa3pPENIMMOCTh djeMeHTapHbix rTeopuit (N;=,+)
u (N;=, ) cooTBeTCTBEHHO, BayKHbIII BKJIAJ[ B 9TO HAIPABJIEHHE BHECJIH PabOTHI
JTx. Pobuncon, 11. Broxu, M. Pa6una, A. Bysca, FO. B. Marusicesuua, A. JI. Cené-
HoBa, AH. A. Myunuka, /I. Pumapa, I1. Ceruenbcku u apyrux. CoBpeMeHHBIl 0630D
PEe3ysILTATOB 110 9TO TeMe AaH B pabore [31].

Cunmarcuueckas gopmyauposra reopembl Lémness (B 6osee cubHoit popme Poc-
cepa) SBJISIETCsl HEIOCPEICTBEHHBIM CJIEJICTBUEM JPYIOro yTBEPXKIEHUs — Hepas-
PelMMOCTH JII060r0 HEIPOTUBOPEYMBOrO pacimpenust cucreMbl R (ciencrsue 3).
Teopuu, Bce HEMPOTUBOPEUUBBIE PACIIMPEHHST KOTOPBIX HEPA3PENNMBbl, HA3BIBAIOT-
CST CYUECTMBEHHO HEPAZPEULUMBLMU.

Tapckuit [21] 3aMeTwi1, 9T0 CBOACTBO HEIIOIIOJIHAEMOCTH TiepedncanMoii reopuu T
HE TOJILKO CJIEJIYET U3 YCJOBUSI €€ CYIIECTBEHHON HEPA3PEITUMOCTH, HO U PABHOCHIb-
o emy. eifictBurenbno, a3¢dpdekTuBHbBIN BapuaHT jJeMMbl JInHaeHOayMa TOKa3bIBa-
€T, 9TO BCsKas pa3perimMasi TeOpHsi UMeeT HEKOTOPOe Pa3pernMoe TOMOJHEHE.
Takum 06pa3oM, UCCIIEIOBAHIE YCIOBHI HEMOTOTHIEMOCTH TEPEUNCTUMBIX TEOPHii
MIPEBPAIIAETCS B UCCIIE0BAHNE YCIOBUI X CYIECTBEHHON HEPA3PEITIMOCTH. 3aMe-
TUM, 9UTO BbIIIE OBLIO JOKa3aHO 00Jee CUILHOE CBOMCTBO HEOTAETUMOCTH Teopun R
(cencrsue 3).

Tapckum OBLIO HAKJIEHO CJIEIYIONIEE JOCTATOTHOE YCJIOBUE HEPA3PEITUMOCTH TE0-
puil, WCIOJB3YIONee KOHEYHO aKCHOMATU3UPYEMbIe CYIIECTBEHHO HEpa3pernnMble
Teopun, Takue Kaxk Q.

ITPENJIOXKEHUE 1. ITycmov S — KOHEUHO aKCUOMATMUSUPYEMAS, CYULECTNEEHHO
Hepaspewumas, meopus. Tozda aobas coemecmuasn ¢ S meopus T mot orce cue-
HAMYDPBL HEPAZPEWUMG.
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JTOKABATEJIbCTBO. [lomyctum, uro T’ paspermmma. PaccMOTpuM HEITPOTUBOPE-
quByio Teopuio T’ = T + S. TlockonbKy S 3a7aHa KOHEYHBIM YUCJIOM AKCHOM, MBI
nMeeM

Tk <= Tk Ags— o,

rie Ag ecTh KOHBIOHKIUS YHUBEPCAJBHBIX 3aMbIKaHuil akcuom S. Takum obpaszom,
npobJiema BeIBoauMOCTH B T cBoguTCcs K TakoBoii B T', u, ciaemoBaTesnbro, T Takxke
paspemninMa, 9To IPOTUBOPEUNT CyIIecTBeHHON Hepaspemmumoctu S. [Ipemtoxenne
JOKa3aHo.

3ameTnM, 9TO OTCIOJa, B YACTHOCTH, BBITEKaEeT TeopeMa Uépua o HepaspermMo-
CTH UCYMCIeHus npeaukaros (B curnarype apudmerukn). Kak nokazan Tapckuii,
9TO MPEJJIOKEHNE UMeeT OUeHb MMOJIE3HOE YCUJIEHHE B TePMIHAX WHTEPIIPETAIINIA.

ONPEJAEJIEHUE 9. T'oBopum, uro Teopusi S caabo unmepnpemupyema B T, ec-
Jin S mHTEpHperupyemMa B HEKOTOpoil coBMmecTHOl ¢ T Teopuu U B si3bike 1.

[IPEJIOXKEHUE 2. ITycmb S — KOHEUHO GKCUOMAMUSUPYEMGH, CYULELCTNEEHHO
Hepazpewumas, meopusa. Feau S caabo unmepnpemupyema ¢ meopuu T, mo T
(u r06as ee nodmeopus 6 MOM diCe A3bIKE) HEPASPEUUMA.

JTOKA3ATEJBCTBO. Ilycrs I — unreprnperarus S B Teopuu U, coBmecTHOit ¢ T
Cunraem, uro napamerpsl | onpeiessiorcs: HeKoTopoit opmysioii Pary (7). Moxkuo
TaKXKe CUYATATh, ITO S 3a/aeTCs eJMHCTBEHHBIM mpeiiokenneM Ag, torma B U
JIOKa3yeMo

Vi (Par; () — AS(F)).

IIycty Teopus Uy 3amaercs stuM npeioxkenueM, Toraa Uy comectrna ¢ 1. Ho Uy
Tak:Ke cymecTBeHHO HepaspermmMa: ecan Uy C V' u teopusa V' HenmpoTmBOpEUnBa,
TO MHOYKECTBO

{gp VE Vﬁ(PaFI(ﬁ) — @I(ﬁ))}

JIEJIyKTHBHO 3aMKHYTO, HEIPOTUBOPeYnBO u cojep:kutT S. Ocrasoch NpuMeHUTH
npepyoxkenune 1. IIpenmoxkenne 2 jpokasaHo.

Taxum obpaszom, I TOKAa3aTeIbCTBA HEPA3PEIINMOCTA TEOPUN METOJIOM MHTEP-
[IpeTaIyii CTAHOBUTCS BAXKHBIM IIOJIyIUTh IPUMEPHI CJIA0BIX KOHEYHO aKCHOMATU3U-
PYEMBIX CYIIECTBEHHO HepaspemuMbix Teopuii. Tapckwmit, MocroBekuit u Pobuncon
UCTIOJIB30BAJH JyTst 3TUX 1eseir reoputo Q. Dopmanbro ociabuth Q 6e3 morepu
CYIIECTBEHHON HEPA3PENIMMOCTH MOXKHO 32 CYeT 3aMeHbl (DYHKIUN + U - Ha Tpex-
MecrHble peaukarsl A(z,y,z) u M(z,y, z). CoorBercrByiomas cucremMa Q~ ObLia
He Tak gasHO copmymuposana A. Ixkeropumkom (cm. [32]). Ee akcmomamm siB-
JISIIOTCSL TPH aKCHOMbI Q, Kacaromuecsi GyHKIUH CJICJIOBAHUS, 8 TAKXKe BAPUAHTBHI
OCTAJIbHBIX AKCHOM B PEJIATIHOHHOM sI3bIKe, He IIPEJIIOJIAraloue, YT0 QyHKIMA CJI0-
JKEHUsT ¥ YMHOXKEHUS BCIOJLY OIIPEIEIeHbI:

1. A(z,y,u) AN A(z,y,v) — u=v; M(z,y,u) AN M(z,y,v) — u=uv;

2. A(z,0,2); Ju (A(z,y,u) Az = S(u) — Az, S(y), 2);

3. M(2,0,0); Ju (M(x,y, u) A A(u, x, z)) — M(alc7 S(y), z)
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B. IIeeiinap [32] mokaszas, uro Teopusi Q naTepnperupyema B Q~, moaromy Q~ cy-
mecTBeHHO HepaspenuMa. OpHako geaykTuBHO Q7 ciiabee, yeM Q, U j1ake He sIB-
JIZETCs Y1-TIOJTHOM (C yYeTOM aKCHOMBI, OIPEAEIAIONEH < 9epe3 CI0KEHNeE); B 9acT-
noctu, B Q nokazyemo Ve < 0x =0, a B Q™ Her.

Crabble KOHEYHO aKCHOMATU3MPOBAHHBIE CYIIECTBEHHO HEPA3PElInMble TEOPUN
M3BECTHBI JJIs SI3bIKA, KOHKATEHAINN CJIOB B JBOMYHOM aJsipaBUTE, JJIs CJIab0i Teo-
pun MuOXKecTB 1 1p. (M. [33]-[36]). Hanpumep, ocinabus reopuio Tapckoro u Ime-
JIEBOIA, U TE€M CaMbIM YCUJIUB UX Pe3yabTar, P. BooT mokaszaJji, 4To TaKOBBIM SBJISETCS
BapUaHT TEOPUU MHOYKECTB B CUTHATYDE € JIUIIb C JBYMsl aKCUOMAaMMU:

Va Jy —(y € x), Vx,yﬂqu(zGUH(ZEx\/zey)).

Jlo HacTOAIIEero BpeMeHu Ta TeOPHUsl, II0-BUJAUMOMY, SIBJISETCA CAMBIM IIPOCTHIM II0
b opMyIUPOBKE IPUMEPOM CYIIECTBEHHO HEPA3PEIINMOil KOHEIHO aKCHOMATU3UPYe-
MOl Teopuu.

X. ITarasm u A. Dpendoiixr [37], [38] mocTporin npuMepsl IEPEUNCTUMBIX CYIIe-
CTBEHHO HEPa3PEIIUMbIX TeOpHii S, Jisi KOTOPBIX IIPEJJIOKEHNE 2 HE UMEET MeCTa.
Ha srom done npencrasiser uurepec pesyiasrar A. Kobxama (em. [33]) o oM, uro
IpEJJIoKEHne 2 BEPHO U JJIsi TAKUX Teopuil, Kak R u jmaxe Ry, He sBigommxcs
KOHEYHO akcuoMaruzupyeMbiMu. OGCYyIuM 3TOT Pe3yJIbTar.

Bo-mtepBoix, ormernm, UTO Halra (GOPMYTHPOBKA CUCTEMBI R HECKOTBKO OT/IMda-
eTcst 0T TpaauIuoHHOH u3 [21]. B TpamununonHoi GhopMyIMpoBKe 3HAK < BBOJUTCS
KaK COKpalleHue u akcuoma R4 ocnabieHa 10 MMIUIMKanuu cjiesa Hanpaso. OIHaKo
JIEFKO BUJETH, 9T0 R4 siBjIsieTcss BBIBOAMMOI U B TpaaunuoHHON dhopMynmuposke R.

Bo-BTOpBIX, HMeeT MeCTO ciefytolee npeioxenne (cM. [39]).

I[TPEJUIOXKEHUE 3. (i) R unmepnpemupyema 6 Ry.
(ii) Ry cywecmsenno nepaspewuma u Heomoesuma.

JOKABATEJLCTBO. Omnpenenum natepuperanuio I teopun R B Ry, Bumonzme-
HUB OTHOIIIEHNE TOPsAIKa B Ry m ocTaBUB BCe OCTaIbHBIE CHMBOJIBI CUTHATYDBI 0€3
n3menennit. [Togoxum

<1y & [(0<yAVu(u<yAu#y — S(u) <y)) — z <yl

Jlerko BuzeTh, 9TO 171 OTHOIIeHUs <; B Ry OyayT mokasyema cxema R4, a Takxke
JonosHuTeIbHAag cxema © <y 1V n <; x. Tem cambim ycranosieno (i).

Wnrepnperarust I He copepkuT napamerpos. CiieoBaTesbHO, J1JIst JII000T0 Mpe-
JIOXKEHUS O

RFyp = Rl .

TTockombky I coxpaHsieT HyMepaJibl, OTCIOA HEIMOCPEICTBEHHO BBITEKAET, 9TO Ry,
Tak ke Kak U R, oTmenser mapbl MepedncanMbIX MHOYKECTB U T€M CAMBIM SBJISTETCS
HeoTme MO Teopueit. Ilpemoxkenne moKa3amHo.

CHEACTBUE 4. Teopema I[€deas—Poccepa umeem mecmo u OAA HENPOMUBOPE-
yugwx pacuwupenuti Roy.
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Teopuro Ry moxkuO 1 masee ocinabiars. Ucnonsdys uiero k. Pobuncon, moka-
zasineii, aro B mogesn (N;=,.5, -) Boipaszumo cioxenne, JIx. Txonc u JTx. Ille-
nepgcon [39] ycranosusiu unreprperupyemoctb Ry B Teopuun Ri, nosywaromeiics
un3 Ry orbpaceiBanmem omeparuu ciaoxkenuns u cxembl R1. Otcioga, kak um panee,
cJejyeT Kak CyIIeCTBEHHAsl HEPA3PEINMOCTh, TAK U HEOTJIETMMOCTDb Rj.

C apyroii croponbl, cam Kobx3M J1oKa3aJjl CBOIO TeopeMy Jjist 6oJiee cjaaboro pe-
JISIIMOHHOTO BapuaHTa Teopuu Ro, KoTopsrii Mbl obosHauuM Ry .

A3pik Ry comep:kut mpegukaTHble cuMBoiel Cy, Sc, A, M, < BajgeHTHOCTEI 1,
2, 3, 3, 2 COOTBETCTBEHHO W He COJEPKUT paBeHcTBa. Ilpenukar Cy(x) BBLIEISIET
koucraury 0, a Se, A u M oupenensiior rpaduku GyHKIMA CIeOBAHUS, CIOXKE-
HUs U YMHOXKeHUsI. BMecTo HymepaJsos ucnosb3yeM dbopmyibl Cy, (x), UHIYKTUBHO
onpegessiemble Kak C,y1(x) VN Fy (Cu(y) A Sc(y, x)).

Teopust Ry comepsur cieyiomue akcuombt '

(i) Jz Co(x); ~(Cm(z) A Cp(®)) o m # n;

(ii) Crm(z) A Cy(z) — (A(,y,2) < Crgn(2));

(i) Cm(z) A Ch(z) — (M(az:,y7 z) < C’mn(z));

(iv) Cu(y) — (z <y« Colz) VCi(z) V-V Cp(x)).

BameTnM, 9TO Ry He COMepKUT aKCHOM PaBeHCTBa, TO3TOMY OILYyTHMO ciabee Ry
7 y700Hee B IPUMEHEHUsIX, OCHOBY KOTOPBIX COCTABJISIET CJierylomasi Teopema Koob-
X9Ma.

TEOPEMA 9. Ecau Ry caabo unmepnpemupyema 6 T, mo T (u aobas ee noo-
Meopus) HePaspeutuma.

CymiecTBeHHasI HEPa3PEIINMOCTh R HemoCpelCTBEHHO ClleflyeT U3 JIaHHON Teo-
pembl. OHAKO ee JOCTATOYHO IMPOCTO YCTAHOBUTH U HEIIOCPEICTBEHHO.
KOJIBKY si3bIK R, H 2KAT HYMEPAJIOB, TOHATH UMOCTH k-MecT-
TTocko. 3pIK R, He come €paJioB, 10 e paspe ocTh k-mec
Horo oruourenusi A B Teopun 1" curnarypst Ry Moguduiupyerca ciaemyromum 0o-

pasoM: cymectByer bopMyna ¢ 4 (X1, ..., T)) TaKkas, 9TO I BCeX HAGOPOB ImCesT
NnNyy...,Ng

Any,...,np) = TECy(z1) A ANCy, (Tk) — @4, (5)

—A(ny,...,ng) = TECh ()N ACp (1) — —p4. (6)

C yderom 310l MOnmdUKAIMN HETPYAHO JOKa3aTh PAa3pENIIMOCTh B R, J0OBIX
Ag-TIPEIMKATOB, TaK YK€ KaK U OTIEJIUMOCTD Tap MEePEeUnCIUMbIX MHOXKECTB.

CHnEACTBUE 5. Teopusa R, Heomdeauma u cyuecmsenno Hepaspewsuma.

13 Teopembr Kobxama HEmoCpeICTBEHHO BBITEKAET OJIHA M3 HAMOOJIEe CHIBHBIX
dopm Teopembr [€aens—Poccepa.

TEOPEMA 10. Ecau Ry caabo urmepnpemupyema 6 nepevuciumotc meopuu T,
mo T Hepaspewuma u HenoaHa.

1B onpenenennn Ry B [33] u [30] monymena oneuarka: B axcuomax (ii) u (iii) Bmecro «
crour —. Takasi Teopusi He MOXKET OBITH CYIIECTBEHHO HEPa3PEIINMOil, ITOCKOJbKY OHa HMHTEp-
nperupyercs B paspemmmoii Teopun Th(N; <) npu nepesome A u M TOXKIECTBEHHO JIOXKHBIMU
dopmymamu.
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P. Boor [33] npegiozkui JocTaTouHo IpocToii BeIBOA TeopeMbl KobxamMa 9 u3 Teo-
pembl TpaxTeHOpOTa O HEOTIEJIMMOCTA MHOXKECTBA, TOXK/IECTBEHHO MCTUHHBIX (HOp-
MYJI JIOTMKH [IPEUKATOB U MHOYXKeCTBa (DOPMYJI, OIPOBEPKUMBIX HA KOHEUHBIX MO-
nensix. (B kadecTBe cUrHATYDBI IPU 3TOM JIOCTATOYHO B3ATh OJMH OUHAPHBII [IPE 1~
kaTHbI cuMBos.) Takum obpazoMm, Teopema TpaxreHOpoTa NAeT eie oJuH Crocob
Jnokasarb TeopeMy ['€nens—Poccepa.

A. Buccep [40] jas uHTEpeCHY0 XapaKTepU3aIUo TeOpuil, B3aUMHO HHTEpIIpe-
tupyeMmbix ¢ R (wiu Rp), B TepMUHAX BBIIOJHUMOCTH HA KOHEUHBIX MOJIEJISIX.

Hazoeem Teoputo T komneuwHo 6vinoanumoti, ecau T nMeeT KOHEUHYIO MOJIENb.
Teopust T' 410KaADHO KOHEUHO BLINOAHUMG, €CJIU KOHEIHO BBITIOJHUMA, JIIOOAsT KOHEU-
Has nogareopust 1. OdeBuHO, uTo R siBasieTcst JIOKaIbHO KOHEYHO BBIIOJIHIMOI, HO
He KOHEYHO BBINOJHUMOI Teopueit. Buccep mokaszas, uro R obiramgaer ciemyrormmm
CBOICTBOM MAaKCHMAaJIbHOCTH.

TEOPEMA 11. Bcaxasa mepequcaumasn, AOKAADHO KOHEUWHO GHINOAHUMAA Meo-
pusa T unmepnpemupyema 6 R (npuuem unmepnpemayus odnomepnas u 6es na-
PAMEMPOB).

DTa TeopeMa IOKa3bIBAET, YTO €CJIM B BBIOOPE CUTHATYPHI, AKCUOM M HEKOTOPBIX
JpYTUX jeTajieit B (popMysmpoBke R U ecTh mMpoOm3BOJI, TO MO MOJYJII0 UHTEPIIpe-
TupyeMocTu R 3aHMMaeT npuBUIErupoBaHHYIO TO3UIMIO U BBIJIEJISIETCS HEKOTOPHIM
€CTeCTBEHHBLIM OOIIUM CBOHCTBOM.

OTMeTuM TakzkKe, 4TO IMOMHUMO apudMeTHIecKuX Teopuil Tuma R paccmarpu-
BaJIUCh U CYILIECTBEHHO Hepa3pellruMble JIOKAJIbHO KOHEYHO BBLIIIOJHUMBIE TEOPUU
B Jpyrux si3bikax. OJHUM U3 caMbIX KPACUBBIX IPUMEPOB SIBJISICTCSI TEOpUsi S, BBe-
nennast Boorom [41]. S 3ajiaeTcsd B CUrHATYPE TEOPUHM MHOXKECTB €IMHCTBEHHOI
CXeMOW aKCHUOM

n
Vri,...,x, Yy Vz z€y<—>\/z:xi g Bcex n > 1.
i=1

Boor nokazas, 4to S mHTepupeTupyeT Ry U TeM caMbIM SIBIISIETCS HEOTIEINMOIl
U CYILIECTBEHHO HEpa3peluMOn.

5. O moka3sareJsibcTBax IepBoii Teopembr I'€nemns

MHorue BCTpevaloIuecs: B JINTEPATYPE J0Ka3aTeILCTBA IEPBOit TeopeMbl 16 1ests
CJIEJIYIOT M3JIO’KEHHOM HAaMU OOIIel cxeMe, OJIHAKO MOTYT 3HAUUTEHLHO OTIMIAThCS
JIPYT OT Apyra B TEXHUYECKUX JeTajisiX. BOCCTAHOBJIEHUE BCEX JleTajieil OcTaBJiser
Ha BKYC aBTOPOB KaK MUHIMYM BBIOOD CJIEJIYOIIIX HapaMeTpoB (KOTOpbIe Mbl Oy1eM
06CyKIaTh Jjisi 6oJiee MPOCTON CeMaHTUIECKOi Bepcuu TeopeMbl Léers):

1. Beibop kKoHKpeTHOI b6a3ucHOil (popMmasibHOIT cucTembr T

2. Bribop yHUBepcaJjIbHOM MOJIEIN BBIUMC/IEHUI Ha HEKOTOpoM cemeiictBe U 06b-
ekTOB T'; 1O/ TaKOi MOJEJbIO 51 IMOHMMA0 JII0D0e MATEMATHYECKH CTPOroe OIpe-
JIeJIEHVe TIOHSITHSI [IePeYNCIIMMOr0 MHOYKECTBA 371eMeHTOB U (MM 2Ke BBIYUCIMMOiL
dbyukuun uz U B U);
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3. Bribop rémeseBoit Hymeparuu, T. €. KOJUPOBAaHWE CHHTaKcuca teopuu 1 06b-
exktamu u3 U,

4. JToka3aTejbCTBO NEPEUnucIUMOCTH cucTeMbl 1’ (B CMbIC/Ie BBIOPAHHON MOJIE/IH
BBIUUCJICHUI U TEJIeJIeBOIi HyMEpAaIluHn );

5. IlpexbsiBienne npuMepa BIPA3UMOIO HEIIEPEYUCIIMMOIO MHOXKECTBa (BMecTe
C JIOKa3aTeJIbCTBOM €r0 BBIPA3UMOCTH U HEIIEPEIUCIUMOCTH).

Ormerum cpazy, 9TO MHOTHE aBTOPBI YIIPOIIEHHBIX JOKA3aTeIhCTB TeopeMbl [é-
JIeJIsl UTHOPUPYIOT HEKOTOPbIE M3 3TUX IIYHKTOB 33 UX UHTYUTUBHON OYEBUIHOCTHIO,
[TOJIB3Y$ICh MIPU 9TOM, KaK IPaBUJIO, He(DOPMAaJIbHBIM IIPEJICTaBIeHIEeM 00 aJIrOPUT-
MaxX U KaKoii-mmbo u3 ¢popmM resuca Uépua—Tpropunra. Hanpumep, uHTYyuTHBHO Ove-
BUJIHOM SIBJIsieTCs epeuncanMocThb apudmeruku PA. B To ke Bpems, yecTHOE 000C-
HOBaHME ITOr0 YTBEPXKJieHUsi TpeOyeT MPOrpaMMHUPOBAHUsI B PaMKaX BBIOPAHHOM
MOJIe/I BBIYUCJICHUI, T.€., BOOOIE T'OBOPs, 3HAUUTEJbHON TEXHUIECKON PabOTHI.
Bribpas anmapar npuMuTHBHO peKypcUBHBIX QyHKIWHI, [€me1b BromHe 3dhdexTus-
HO CIPABUJICS C TOH 3ajadeil. Pa3ymeercs cpaBHEHIE MOXKET OBITH CIIPABE IJINBBIM
JIATD 171 60JIee U MEHee NOAHLE TOKA3ATETHCTB, XOTs C I1€IaTOTMIECKON TOIKHI
3peHns UIHOPUPOBAHNE WHTYUTHBHO OYEBUIHBIX YTBEDPXKIECHUI BIIOJIHE OMPABIAHO
u, 6oJtee TOTO, BechbMa kejaTeabHo. Ha Hamr B3MIsi, cymecTBeHHO 0ojiee MPOCTHIX,
qeM y ['€nesst, MOMHBIX JOKA3aTEIBCTB €r0 TEOPEMbI BCe-TAKH HET.

Pazbepem HEKOTOpBIE N3 HA3BAHHBIX MTyHKTOB IO OYEPEIH.

Bri6op teopun. B kadectse cucrembl T', KaK IPaBHUIIO, OJHAKO HE BCEI/IA, BHIOU-
pAIOT HEKOTOPYIO apu(dPMETHIECKYIO TEOPHIO. B e/ jaroruaeckux MUim HuJieoJorntde-
CKUX TIEJIAX 37IeCh TAKXKe BO3MOXKHbBI PA3/IMIHbIE BAPUAHTHI B 3aBUCUMOCTH OT BbI-
6opa curHarypsl. Hampumep, ymoOHO pa3BUBaTh KOIUPOBAHUE B S3BIKE, MMEIOIIEM
CUMBOJI 71t (DYHKIMH BO3BEJEHUS B CTEIEHbD.

Yacro B kKadecrBe 1 paccCMATPUBAIOT HPUMUTHBHO PEKYDPCHUBHYIO apudMeTn-
Ky PRA, B sA3bIke KOTOPOiT MMEIOTCS TEPMBI JIJI BCEX IPUMHUTUBHO DPEKYPCHUBHBIX
dyukmnumit. B Takoit cucteMe MOXKHO HANPAMYIO paboTaTh ¢ MPUMUTUBHO PEKYP-
cuBHBIMU (DYHKIUSME U n30€KaTh HEYJ00CTB UX MOrpy2KeHus B si3blk PA [3]. f3bix
PRA 6eckoneden, xoTss © IPUMUTUBHO pekypcuBeH. Kpome Toro, PRA saBisercs
CJIMINKOM CHJIBHOI TEOpHeil, JaJeKo 3a Ipe/iesiaMi TeOPHil OrpaHuTIeHHO apudme-
THKH, 9TO 3aTPYy/HAET 0000mIeHe TeopeMbl [€1esist HA 9TOT BayKHBIH Kirace dhop-
MaJIbHBIX CHCTEM.

B kagecTBe ajbTepHATUBBI ApUMDPMETHIECKAM TEOPUIM PACCMATPUBAIOTCS TaKKe
TEOPHU TIOMEYEHHLIX OUHAPHBIX JepeBbeB [42], Teopun cioB B Gunaphom asdabu-
re [43], [44], Teopuu HacC/IEICTBEHHO KOHEYHBIX MHOXKeCTB [45] 1 npyrue. Onucanue
cuHTaKCHCa POPMATBHBIX TEOPUH WX 2Ke MOJIeJIeil BRIYNCIEHNN B TAKAX CACTEMAaX
6oJiee eCTECTBEHHO, TaK KAaK II03BOJISIET B HEKOTOPOM CMBICJIE M30€XKATh Ié1eIeBOit
HyMmepanuu: (QOPMyJIbl y2Ke CaMU M0 cede OTOXKIECTBISIIOTCS C 00bEKTAMU TEOPUN
(ctoBaMM, MOMEYEHHBIMU JEPEBbAME WJIN YK€ KOHETHBIMU MHOYKECTBAMH).

BO31\/IO7KHbI Bapualyu 1 B BI)I60pe }le)lyKTHBHOﬁ CUCTEMBI T: MOXKHO paccMaT-
pUBATDh HATYPAJBHBIA BBIBOJ, TEHIIEHOBCKOE CEKBEHITUAIBLHOE UCIUCIEHUE U MHOTHE
napyrue dopMmaThl BBIBOJIOB. Kak y»ke oTMedasoch, Jist mepBoit TeopeMbl [€re-
Jisl 9TH BapHAIMK HE CTOJIb NPUHIUIINAIBHBL U, KK [IPABUJIO, BHIONPAIOT HanboJIee
[IPUBBIYHBINA U ITPOCTO (POPMYJIMPYEMBIil rribOEPTOBCKUil (hopmar.
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Brei6op mozesn Berauciennii. B KadecTBe MOme/ M BBIMUCIEHUN JJIsI TOKA3ATE b
CcTBa TeopeMbl 1 €1e/1sT pa3HBIME aBTOPAMH PACCMATPUBAIUCH:

1) mepevncaMMble MHOXKECTBA KAK NPOEKIMU IPUMUTUBHO PEKYDPCUBHBIX OTHO-
mennii (K. Ténens);

2) dbyskuum, BHMEUCAUMBIE 1O JpOpaHy-Té7€110, YACTUIHO pEKyPCUBHBIE
dbyuxmun (C. Kaunn);

3) snemenrapubie dopmasbhbie cucreMbl (P. Cymasibsin);

4) mammab ThopuHra;

5) Y-onpenesmmble orHomenus (FO.JI. Epmos) u npyrue.

Beibop Kaxk 10 13 9TUX MOJIeJIell IMeeT CBOU IMPEUMYIIECTBA U HEJIOCTATKH.

Mamuasr Thioputra, ¢ MOeil TOYKU 3pEHHUsi, XOPOIIU TeM, 9TO SBJISIIOTCS HAaU-
6oJiee CTAHIAPTHOW U €CTECTBEHHOW MOJEIbI0 Bbraucjenuii. I3 Bcex M3BECTHBIX
TEOPETUIECKUX MOJIeIeil UMEHHO I HuX Te3uc dépua—Tbropuara Hanbosee ybe-
muresieH. 1o 9Toit mpryawHe OHM UAEaTbHO MOAXOMAT TS “COKPAIEHHBIX JT0Ka3a-
TeILCTB TeopeMbl [€enms.

ITockonbKy Ha MamuHax ThIOPUHIa HECKOJBKO TPYIHEE IIPOrPAMMUPOBATE, YeM
Ha 0oJiee BBICOKOYPOBHEBOM SI3bIKE YACTUYHO PEKYPCUBHBIX (DYHKIUI, sIBHOE IIO-
CTPOEHNe YHUBEPCAJIHHOTO MMEPEIUCTUMOTO MHOYXKECTBA, TaK K€ KaK U JIO0KA3aTeTh-
CTBO MEPEYUCTUMOCTY apuPMeTHKH, Oy/1eT He CTOJIb IMPOCTHIM, KaK Ha SI3bIKE Jac-
TUYHO PEKYPCUBHBIX (DYHKIUIA.

Nurepecen BBIOOP X-ONPEIETUMOCTH KAK CAMOCTOSITETHHON MOJEIN BBIYUUCIIE-
uuit (Epmos [45]). TIpu sTom Teopema 4 mpeBpammaercsi, 0 CyTH, B ONDEJEJIEHAe
[IEPEYnCINMOr0 MHOYKECTBA, U He TpedyeT J0Ka3arejabCcTBa. B KadecTBe pacilia-
ThI 33 TaKOil BBIOOP BO3HUKAET HEOOXOIMMOCTH IOCTPOEHUS YHUBEPCAJIBLHOIO ITe-
PEUYUCINMOrO MHOYXKECTBAa B PaMKaX JaHHON mojenu. HerpynHo BuieTb, 4To Ta-
KUM MHOXKECTBOM $BJISIETCsI Ta (DOPMYyJa, KOTOPYIO B JIOTHMKE IPUHSITO HA3BIBATH
Y-onpezenenneM UCTHHHOCTH Jyist S-dopmyar (cm. [26], [45]). 3agaua mocrpoeHus
9TOi OPMYJIBI IO CBOEW TEXHWYIECKON TPYIHOCTH aHAJIOIMYHA 33jade apudMeTn-
YECKOTO OTPEJIeJIeHUs] TIPeINKaTa JOKAa3yeMOoCTH. 'TeM He MeHee, KOHIIENTYaJTbHO
BBIOOD X-OTPEIETMMOCTH KAaK MOJIEJN BRIYUCIEHU XOPOIIT TEM, UTO BCE JI0KA3ATE b
CTBO TIPOXOJIUT B PAMKAX OJIHOTO sI3bIKA — OY/Ib TO TEOPUsS MHOXKECTB WU (hopMaJib-
Has apudMeTHKa — U He TpeOyercs MpUBJIeYeHe KAKUX-TO BHEIIHUX MEXaHU3MOB
BBIYUCIMMOCTH.

W3 uzBecTHBIX “uecTHBIX HOKA3aTEILCTB TeopeMbl 16 1e1s1 OHIM 13 00Pa3IOBBIX
B CMBICJIe TIPOJYMAHHOCTHU Jn3aiiHa U jerajeil siBisiercs JokasareabcrBo P. Cwma-
abgra [16], [9]. B wactHOCTH, €ro BBIGOD IeMEHTAPHBIX (DOPMATBHBIX CUCTEM KaK
MOJIEJIN BBIYUCIUMOCTH TIPEKPACHO JIAITHPOBAH K MOTPEOHOCTIM (hOpMaIu3aIin
JIOTHYIECKUX SI3BIKOB.

Boibop mHemepeuucmMoro MHOXKecTBa. Hamnbosiee painKaabHO BAUSIET Ha BHEII-
HIOIO CTOPOHY JIOKA3aTeJIbCTBA — HE MEHsisl, pa3yMeeTcsi, CyTH JieJia — BbIOOP KOH-
KPETHOI'O HEITePEeYNCIMMOrO MHOYKECTBA, HMCIIOJIb3YyEeMOI0 JIJIsi IIOCTPOEHUs] He3aBU-
CHUMOTO yTBepXKIeHus. VIHOIIa TaKoe MHOXKECTBO CBSI3bIBAETCs C (DOPMaJIbHBIM aHa-
JIOTOM KaKOI'O-HUOY/Ib CEMaHTUYIECKOTO Iapajiokca. JlokazarenberBo camoro L'éests
(cM. HEKE) OCHOBBIBAETCS HA MOCTPOEHUU (DOPMYJIBI, YTBEPXKAAIONIEH COOCTBEHHYIO
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HEJIOKA3yeMOCTh, UTO AHAJOTMYHO NApajioKCy JrKena. (3aMeTuM, UTo eciiu Teo-
pust T' ceMaHTHUYECKHU TIOJHA, TO yTBEPXKJIEHUE O HeJl0KazyeMocTu GopMyssl @ B T
pPaBHOCUJIBHO JiozkHOCTH (0.) Opaako [émenb orMeTmwi, 4ro s JI0KA3aTeIbCTBA
€ro TEeOPeM MOXKET ObITh IPUCHOCOOJIEH TOYTH JIIO0O0H M3 M3BECTHLIX CEMAaHTUYE-
CKUX IMapaIoKcoB. MHOrue mosHeiinme aBTOPhI C yCIIEXOM IOATBEP/IMINA 9Ty MbIC/Ib
KJTACCHKA.

Kouun [12] 6611, 110-BUAMMOMY, HEPBBIM, KTO M3JI0KNUI aGCTPAKTHYIO BBIUMCIIN-
TEJIbHYIO KaHBY TeopeMbl [€1eiisi, B jyxe oOCyKJIaeMOil 3/1eCh, Ha OCHOBE IOHS-
THsI 00IEepeKypCcuBHON MyHKIMY 110 Jpbpany—1€xento. /s cBoero mepporo reope-
THKO-PEKYPCUBHOI'O JIOKA3aTeIbCTBa TeOPEMBbI [ €/1e/si OH BOCIOIB30BAJICH Helepe-
YUCMMOCTHIO MHOXKECTBA UHJIEKCOB ODIIEPEKYPCUBHBIX (T. €. BCIOJLY OLPEIeJICHHBIX
BBIUMCINMBIX) GyHKIwHA. Kak oH caMm ormermi mosxke [13], 910 1oKazaTeabcTBO
naunbosiee 6au3K0 mapaokcy Pummapa (u auaronasbHoil KoHCcTpykimu KadrTopa).

Jlpyrue m3BecTHBIE JOKA3aTeIbLCTBA CBSI3aHBI C 11apaJlOKCOM Beppu: cyIiecTBy-
€T JIH “HauUMEeHbULEE HAMYDANDHOE YUCAO, KOTOPOE HEAD3A ONPEIEAUMb MEHEE LeM
NAMHAIUAMDBIO CA0BAMU PYCCK020 A3vka™ [IBa T0Ka3aTeIbCTBA, UCIOJIB3YONINEe
HOXOXKYIO nzero, 6butn npejgioxkensl . Heittuaom [46] n Ix. Bysnocom [47]. Bymnoc
B KQYECTBE YTOUYHEHUsI IMOHSTHUS “ONPEIEUTh UCIOJIb3yeT OOBITHOE TIOHSITHE OIIpe-
neqmvoct B apudmernke. Ha mokasarenbcrBe YUeliTwHa OCTAHOBUMCS UyTh II0-
JpobHee, MOCKOJIBKY OHO IIPUOOPEIIO OOJIBINYI0 H3BECTHOCTD, B TOM YUCJIE B HAYIHO-
HOITYJIAPHOU JIUTEpaType.

Jokazarenbcrso Yeittuna 6a3upyercst Ha MOHSATHH KOAMO20POSCKOU CAONCHOCTU
qucia x, oboznadaemoin K (), T.e. B KauecTBe “opeseseHuil”’ T paccMaTpUBAIOTC
BCEBO3MOXKHBIE MPOTPAMMBI P TaKKe, 9TO Ha MyCTOM BXOJE P BBLIAET T. B 3HAKO-
MBIX HAM TE€PMUHAX MBI MOXKEM OIIPEJIEJUTh OJUH U3 BapuaHToB (yuknuu K s
CTaHJAPTHON (ONTUMAJIBHON) HyMepaluu Malui ThIopuHra Kak

K(z) =min{n € N: ¢,(0) = z}.

B cuuty Toro, uro orHommenue K (x) > y HEIEPEUNCIUMO U BHIPA3UMO B aprudMeTuke,
MBI MOXKEM 3aKJIOYUTh, YTO CYIIECTBYIOT HeJIOKa3yeMble NCTUHHBIE YTBEPIKJICHUS
Buga K(n) > ¢ jjig HEKOTOPBIX KOHCTAHT N, ¢. UeHTHH yTBEpXKAaeT HEITO BOJIb-
mee, a MMEHHO IIPEIbABILET IEJIYI0 CepHUI0 HeJOKa3yeMbIX yTBEPXKJIEHUI TaKOTo
BH/IA.

TEOPEMA 12. ITycmo T — nepenucaumas u KOPPEKMHAA aPUPMEMUIEcKas meo-
pus. Tozda
JeVmT¥F K(m) > c.

BrrauciurenpHas 0CHOBa 3TOM TEOPEMBI COCTOUT B CJIELYIONIEM XOPOIIO H3BECT-
HOM CBOMCTBE KOJIMOT'OPOBCKOII CJIO>(KHOCTH: He CYyIIecTBYeT 3 MOEKTUBHOrO cr1ocoda
1o ¢ HalTh IucsIo m, st Koroporo K(m) > c¢. (B To e BpeMsl, 04eBUJIHO, UTO
JUISL BCAKOTO € TaKOe M CYIIECTBYET, IOCKOJBbKY YHCJIO IIPOrPaMM C HOMEpaMH, He
PEBOCXOJSAIIMME ¢, KOHEUHO. )

JIEMMA 7. He cywecmsyem ectody onpedesernoti sviuucaumoti pynrxuyuu f ma-
xoti, wmo Ve K(f(c)) > c.
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Teopema YeittuHa cieayer u3 3TOH JTeMMBI: €C/In
VYedmTHK(m) > ¢,

TO B CHJIy NEPEYUCTUMOCTH 1 TIOIy9aeM BBIYUCIUMYIO BCIOJY OINPENEIeHHYo f,
miast koropoit Ve T+ K(f(c)) > ¢, a B cuy xoppekrHoctu T’ orciofa ciemyer

Ve K(f(c)) > ¢ B IpOTHBOpEYHN C JIEMMOIi.

st moka3aTebCTBa JIEMMbBI BOCIIONB3yeMcst Teopemoit Ko o pexkypcun. Pac-
Cy2KJiast OT IPOTUBHOTO, JIOIYCTUM, 9TO CYIIECTBYET [, y/IOBJIETBOPSIONIAs YCIOBU-
sAM JIeMMBbI. PaccMoTpuM BbrHucanMyo MYHKIHUIO ¢, KOTOpasl 10 BXOJy € CHAYaJIa
Beruncssier y = f(c¢), a 3aTeM BBIZAET HEKOTOPBIH HOMEP n Takoii, 9ro ¢, (0) = y.
TTonb3ysick Teopemoii 0 peKypcuu, BbIOEpEM HHIEKC € TaKOil, 4To (DYHKIHS (o, COB-
NaJIaeT C Pg(c). 1o mocrpoermio g umeem K (f(e)) < g(e), HO, MOCKOIBKY HpOrpam-
Ma e Jiesaer To Xke, 94To u g(e), Mbl Takzke umeeM K (f(e)) < e, uro nporusopednT
YCJIOBUIO JIEMMBI.

[IpuBeieHHOE HAME KOPOTKOE JIOKA3aTEJbCTBO T€OpeMbl UeHTHHA ¢ HCIOJIB30-
BaHUEM TEOPEMbl O PEKYPCUU €CTh [epepaboTaHHbIil BapuaHT u3 crarbu [48], cm.
rakxke [49]. Cam Yeiirun gan apyroe, 6oiee JUIMHHOE, HO IPAMOE, JIOKA3ATEIbCTBO
(cm. [46], [50], a Takxke [51]). OrMeTnM, YTO KOHCTAHTa ¢ 3ABUCHAT OT BBIGOpA pac-
CMATPUBAEMOI HYMEDAIINN BHIYUCIUMBIX (DYHKIUI U DU HEKOTOPOM BBIOODE TAKOIA
HyMepalnuu MOYKHO JIOOUThCsI PABEHCTBA ¢ HYJIO Jisl BeexX Teopuit [48].

Kak mbr BugmM, Teopema el TnHA SIBISETCS HEITOCPEJICTBEHHBIM MTPOSIBJICHIEM
HEBBIYUCJIUMOCTH HEKOTOPBIX IPOCTBIX CBOUCTB, CBI3aHHBIX C (QYHKIMEH KOJIMOTO-
posckoit cioxkuoctu K (). Takoro poga dakrst o K () Gblin, pasyMeeTcs, XOPOIIOo
M3BECTHBI, TaK Ke KaK U 00Iasl CXeMa, II03BOJISOIAs UX KOHBEPTUPOBATh B PE3YJlb-
TaThl 0 HeroyiHOTe. C 9TO# TOUKYU 3peHust pe3y/brar UeiiTuHa He 60Ojiee MHTEPECEH,
9eM JIpyrue J0Ka3aTeIbCTBA TEOPEMbI O HEIIOJIHOTE, CJIeIyONInue N3JI0YKEHHON BhIIe
ob1eit cxeme.

6. dokazareancTBo I'énensa

C TOYKHM 3peHHMs TEOPMM BLIMHCIMMOCTH HauboJiee MHTEpPEeceH, IOoXKasyil, aHa-
JIN3 TEPBOHAYAIBHOIO JOKA3aTEILCTBA CAMOro [éesist 1 ero mo3aHeiinmx Bepeuii,
CKazkeM, Jyist Teopembl 7 (cM., nanpumep, [52], [15]). DTo J0Ka3aTebCTBO OCHOBBI-
BaeTCs HA TEXHUIECKOM MOHSATHH NPedcmasumocmu, Gyrkyuy B Teopur T 1 HOCTpo-
eHnu apudMeTHIecKoil (bOPMYIIbI, yTBEPKIAIOMEH COOCTBEHHYIO HEIOKA3YEMOCTb.
O6mmyro cxeMy MOXKHO OIHCATDH TaK:

1) J0Ka3aTeIbCTBO MPUMHUTUBHON DPEKYPCHBHOCTH IIPEIMKATA JOKA3ATEHCTB
Prfr(x,y) pnsa reopun T

2) J10Ka3aTeNHCTBO NPEJICTABUMOCTH BCEX IPUMUTHBHO PEKYDPCUBHBIX (DYHKIHI
B T, orkyna ciemyer paspemumocts B T npenukara Prip(z,y);

3) nocrpoenne GoOpMyJIbL 1) TAKOM, ITO

THY « ﬂPrT(M),

rae Prp(x) osnauaer dopmyny mokasyemoctu Jy Prir(z,y); upu sToM MbI
HCITOJTb3yeM TPEJCTABUMOCTh B 1’ (PYHKIIUU TOJICTAHOBKH.
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JlokazaTeabCTBO 3aBEPIIASTCS CJIELYIONINM PACCYKJIEHUEM, MOKA3bIBAIOIINM, YTO
TIpU YCJOBUU w-HempoTuBopeduBoct 1 dopMmyna 1 Heg0Ka3yemMa U HEOIpOBep-
xKuma B T.

Ecom T F 4, ro N E Prfp (rl/)—', n) JJIs1 HeKoToporo n, orkyaa 1+ Prfp (E,Q)
B cuity paspemumoctu Prfr B T, u Tem cambim T = Prop (m) Ilo onpenenenuio Y
3to ByedeT 1 F =), T. e. IPOTUBOPEIUBOCTD 1.

Ecau T + =, to T + Jy Prip ('_1/)—‘, y) 1o omnpe/iesennio . C apyroit CTOPOHBI,
B CUJIy HempoTuBopednBoctud T’ uveem T ¥ ). BHAUUT, JUIsl KAZKIOTO KOHKPETHO-
ro n BermojaeHo N F —Prfp (W/)",n). TTockombky npemukar Prip pazpermum B T,
mojydaeM, 9ro Jjist kaxmgoro n 1+ —=Prfp (E, @), T.e. T' aBageTCd W-TIPOTUBO-
PEeYuBOii.

Ormerum, 9To mar 1) moKa3aTeabCTBa MPEICTaB/IsIeT COOON OIUH U3 UCTOPHYE-
CKU TIEPBBIX OIBITOB IIPOrPAMMUPOBAHUS, B JAHHOM CJIydae HA S3bIKEe IPUMUTHBHO
pekypcuBHbIX (yuknuii. IIpokommenTupyem 6osiee oapobHo maru 2) u 3).

Oyuxmuio f(Z) masbiBaeMm npedcmasumoti 6 T, ecam st HEKOTOPOR (DOPMYJIBI
¢¢(Z,y) BBImOIHEHO: 17181 JI060TO 71, ecitr m = f(7), TO

THVy (er(@,y) < y=m).

QysKIys f Ha3bIBaeTCS X1-npedcmasumot, eCn ¢ f MOXKeT OBITh BBIOpaHa B KJIacce
Y1-dopmys. Vmeer mecTo cemyrorast geMMa.

JIEMMA 8. Bcakxasa sviwucaumasn gynxuyus f Xq-npedcmasuma s R.

Ora eMMa 00BITHO JTOKA3BIBAETCS HETTOCPEICTBEHHO, WHLYKIMEH 10 TIOCTPOEHUIO
YACTUIHO PEKYPCUBHOI cXeMbl, onpeensiomeii f. e MoKHO TakzKe JIerKO BBIBECTH
1 U3 cjencTBus 2, Moauduiupys Xq-onpeienenue rpadpuka yskiun f. Ecam
dopmynaa 3z ¢o(Z,y, z) upencrasaser rpaduk f, rae @o € Ag, TO B KauecTBe @y
JIOCTATOYHO B3sITh (POPMYJLY, BBIPAXKAIOIIYIO TOT (DaKT, YTO Y €CTh MEPBBIA IJIEMEHT
MUHUMAJBHON Taps! (Y, 2), JJist KOTOPO# ¢o(Z,y, 2).

BameTuM, 94TO NPeICTaABUMOCTD XapaKTEPUCTUIECKOH (byHKIMK MHOKecTBa A B T
BJICUET €r0 Pa3permMocThb B T, II09TOMY JieMMa 8 BjIe4eT Pa3penmMocTh B R Beex
AJITOPUTMHUYIECKH Pa3peInMblx MHOXKecTB. Paccmarpusast gactudssie {0, 1}-3Ha4-
uble (DYHKIUUA Mbl AHAJOIMYHO MOYKEM BBIBECTH M3 JIEMMbI 8 IIPEJCTABUMOCTL B R
BCEX NEPEYUCTUMbIX MHOXKECTB U OTJEJUMOCTD 11D MePEeUUCIUMBIX MHOXKECTB.

JlemMa o HenmoaBHKHOH TOUKe. lIeHTpaJbHBIM 3JIeMEHTOM JIOKa3aTeIhCcTBa ['€-
JieJist OBLIIO TOCTPOEHUE TIPE/IJIOYKEHNUSI 1), YTBEPKIAIONIEr0 COOCTBEHHYIO HEJTOKA3Ye-
MOCTh. BO3MOXKHOCTH TIOCTPOEHUST ApUDMETHIECKIX TIPEJJIOKEHUN, CChLITAIONUXCS
Ha camux cebsl, He 3aBUCHAT OT CIenuduku (GOPMYJIbl JOKA3YEMOCTH W (DaKTHUTIe-
CKU UMEET MECTO JIJIsi JTF000T0 CBOMCTBA, BBRIPA3UMOTO (hOPMYJIO paCCMaTPUBAEMOTO
s3biKa.  COOTBETCTBYIOINEE YTBEPKIEHUE B COBPEMEHHBIX H3JIOKEHUSIX BBIJEJISIOT
B OTJIEJILHYIO AEMMY O HEN0JBUNCHOT MOoYKe.

IIycrs T — apudwmernveckas teopusi, a p(x) — dopmymna si3bka T ¢ IuCI0BO#H
[IeEpEMEHHOI X, BO3MOXKHO, COJiepzKalllasi U JIpyrue CBOOOiHbIe mepemMeHHble. JIist
ar060it dbopmyast ¢ sisbika T o6o3HawMM uepes @[] dopmyny ¢(m), rme m =
T — rénmesteB HOMep Y. Kak Bcerma, Mbl mpejosiaraem, 9To réneieBa, HyMepaIys
dopMyJT BBIUUCIUMA.
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JIEMMA 9. ITyemov T - apudmemuueckas meopus, codepocauan R. Toeda das
moboti Popmyave p(x) aswwa T natidemes Popmyaa 1 ¢ memu gice c60600HbBIMU
NEPEMENHBLMU, YMO U O, KPOME T, MAKASA, 4MO

THY < o).

JIOKA3BATEJIbCTBO. Paccmorpum dyHKIumIo, conocrasisiontyo dhopmyse 6(x)
dopmyay 0[0]. Dra GyHKIHUSA BBIYUCIMMA, IIOCKOJIbKY BBIYUCIMMA TEIEIeBa HyMe-
panust hopmyn. CregoBaTesibHO, OyIeT BHIYUCIAUMON U (DYHKIUS

I—e—l — '_0[9]—'

Iycrs Diag(z,y) obosnauaer Xq-dopmyiy, npeiacrapisiomtyio 31y dbyHkiuio B R.
Paccvorpum popmyry

¢'(x) = 3y ((y) A Diag(z,y)),

u ycthb ¢ = ¢'[¢']. Tlo onpenenennio Diag mMbr nveem:
QF Vy (Diag("¢',y) < y="¢7).

Orcrona no npaBuiaM JIOTUKH IPEJUKATOB C PABEHCTBOM IIOJIy4YaeM, 9T0 (hopmy-
na ¢'[¢'] sxeusasnentna Iy (p(y) Ay = "¢7), T e. p[Y)], uTo 1 TPeGoOBaIOCH TOKA3ATD.
Jlemma nokaszana.

Anamusz gokasarenscrBa I8nens. Pacemorpum mokazarenbeTBo [€7ei1s ¢ BbI-
YUCJINTEIBHO TOUKN 3peHusi. JJoKa3yeMocTh B X1-KOPPEKTHON MepedncImMoit Teo-
puu T, comepzxarteit R, moctapisier erme oHy YHUBEPCAIBHYIO MOJIENb BBITHCIIMO-
cru (ciencrsue 2). ITlosroMy nepednciuMble MHOKECTBA MOKHO ObLIO ObI onpede-
AUMb KaK MHOXKECTBa, HyMepyemble B 1. B cooTBeTcTBHU ¢ 3TOH TOUKOI 3peHus
npoepammotl, TPUHAMAIOIIEH MHOXKeCTBO A, MBI MOXKeM cUnTaTh GOPMYIy ¢ 4(x),
HyMepyitomyo A B T

neA <= TFoyun).

I'énenes HOMEp 1H0GOIT Takoil GOPMYJIBI (4 CUATAECTCS MHJEKCOM MHOXKeCTBa A.
BeluncsieHneM IporpaMMbl ¢ 4 Ha BXOZE I B 9TOM CJIydae sIBJISETCsl IIOMCK BBIBOZR
dopmyst g4 (n) B T.

st TaKOf BBIMUCIUTEIHHON MOJEIN MOXKHO IepedOpMy/InpOBaTh BCE ODIIne
PE3yJIbTAThl, U3BECTHBIE B TEOPUH BBLIYUCIUMOCTH, IJIs JIOOOH CTaHZAPTHON MoJe-
JIY, HAIIpUMEP I MaInuH ThlopuHra. BCIOMHUM, 9TO KpeaTHBHOE MHOMKECTBO K
onpegessioch kak {m € N | m € W,,,}. B kauecrse W,,, Tenepn durypupyer Muo-
JKECTBO

neN|[TFps(n)},

rae "¢, ' = m, 9YTO PABHOCUIIBHO
{n € N|NE 3z (Pryp(z) ASub(m,n, 2))},

rae Sub(z,y, z) npeacrasusier byakmmio "¢, n— Tp(n)”. CoorBercTBEHHO, aHA~
Jor MHO)KecTBa K HyMmepyercsa hopMyJIoit

3z (Prp(z) A Sub(z, z, 2)). (7)



TEOPEMBI T'EJIEJISI O HEIIOJTHOTE 95

IToBTOpsist 3 HEKTUBHYIO BEPCUIO JTOKA3ATEIHCTBA TEOPEMBI 7, Mbl PACCMATPHU-
BaeM II€PEYUCIMMOE MHOKECTBO, HyMepyeMoe orputianueM (Gopmydibt (7), u BbIauc-
JgieM ero usjekc (réueses nomep) m. B coorBercrBum ¢ onpesesnenuem K npezio-
JKEeHue

=3z (Prp(2) A Sub(m, m, 2))

OyJeT He3aBUCUMBbIM. BHUMATEILHBII YUTATENb y¥Ke HaBepHAKA OOHAPYKIJ, UTO
dopmyia Sub(z, z, y) ectsb He uro uHOE, Kak Diag(x, ), 1 MbI TOJIBKO 4TO OyKBAJIHHO
BBLINIHACAJIU pelleHre yPABHEHUs Ha HEHNOABUKHYIO TOUKY

Tk« —Prp("y7),

JIaHHOE B JI0Ka3aresbcTBe jJeMMbl 9. Takmm 06pasoM, réeieBcKoe 10Ka3aTe/IbCTBO
TEOpEeMBbI O HEIIOJIHOTE CBOIUTCS, IO CYIIECTBY, K (M MOEKTUBHON BEPCUN TEOPETUKO-
PEKyPCUBHOTO JIOKA3aTebCTBA. JIMHCTBEHHOE OT/IMYWe 3aK/II09YaeTcss B BbIOOpE
Ténenem crerudnaeckoit MOIEN BEIYUCTUMOCTH.

ITpuBeneHHBI aHAIN3 TAKKE ITPOJINBAET HEKOTOPBI CBET HA POJIb TOHATHUS ITPE]T-
craBumoit dyarmyum. Mbr Moru 661 000#THCH 6€3 9TOrO MOHATHUS U JJIsI JOKA3ATE b
CTBa TEOPEMBI 7 TEIEEBCKUM METOIOM, 0CJIa0nB (DOPMYJIMPOBKY JEMMBI O HEIO-
ABUKHONM TOouke. Ecam 1 ABisgeTcd X1-KOPPEKTHOW, TO HaM JOCTATOYHO HCTUH-
HOCTH 3KBUBaJieHTHOCTH ¢ <> —Prp(T¢7) B cranpapraoii Mojenn apudMeTuky,
a 9TO MBI MOJIyYaeM YK€ M3 IPOCTOW HYMEpPyeMOCTH OTHOIIeHUsI Sub HeKoTopoit
Y1-popmymoit. JIpyroe meno, aTo 60stee cuibHas GOPMYIUPOBKA TO3BOJISET YTBED-
JKJIATh HEJIOKA3YeMOCTh (POPMYJIBL 1) yrKe HMPHU yCJOBHH MPOCTON HEIPOTUBOPEUH-
Bocty T', & 9TO NMPUHIMITKAJIBLHO, HAIIPUMED, [IPU JOKA3aTEJIbCTBE BTOPO TEOPEMBI
Ténest.

OTmeTnM, UTO TIEPBOHAYAIBHOE JIOKA3aTeIbCTBO TeopeMbl LEnens—Poccepa [18]
TaKKe OCHOBBIBAETCS Ha IPUMEHEHUH JIEMMbI O HEIOJBUXKHOI Touke. Poccep pac-
CMOTDEJI CJIEJYIONLYIO POCCEPOSCKYI0 hopmyay doxazamenvcms B Teopun 1

Prff(z,y) &L Prir(z,y) AVz < yVu < z (Neg(z,u) — —Prir(u, z)),

rue Neg(z,u) upezacrasiser QYHKIUIO HABEIIMBAHUA OTPUIAHUS Ha (OPMYILY :
r il

BBIDA’KAaEeT B CTAHJAPTHON MOJIEIM TOT K€ CAMBINA IIPEJIUKAT, UTO U IéJIeIeBCKas

Tl — 3ameTuM, 4TO eciau Teopusi 1 HENMPOTHBOPEYUBA, TO Prf?(w,y)

dopmysna Prirp(z,y). PoccepoBckast dopmysa Jg0Ka3yeMOCTH Olpenessiercs Kak
def
Pri(z) < JyPrif(a,y).
Beuesr 3a PoccepoM HETPY/HO 1MOKa3aTh, UTO €CIH

T+ 6 — —Pr¥[g], (8)

TO bopmysa 0 He JOKaszyeMma M HE OIPOBep:KMMa B 1 yxKe IpH yCJIOBUU IIPOCTOH
HempoTuBOpeunBocTu 1.

DTO JOKA3aTeJIbCTBO TAKXKE CBOJMTCS K TEOPETUKO-PEKYPCUBHOMY IIPU BHIOOpE
ITOJIXOISINEH MOJIEJIM BBIYUCIUMOCTU. B JaHHOM ciiydae Mbl pabOTaeM C IOHSITHEM
Boeruncnmoii {0, 1}-3navnoil yactuaHoit dyHKIMEU 1 paccmarpusaeM Gopmyiy ¢ (z)
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KaK IIporpaMmy Jijid BbIYUCJICHUSA (byHKLLI/II/I

0, ecn T+ p(n),
f(n)=<1, eciu T+ —p(n),

He olpeesieHO B OCTaJIbHBIX CJIydadX.

Anaym3, aHAJIOTUYIHBII IPUBEJIEHHOMY BBIIIIE, TOKA3bIBAET, YTO HE3ABUCUMOE yTBEP-
XKJIeHne, ToJydaemMoe u3 3pOEeKTUBHOI Bepcun TeopeMbl Poccepa, 6YKBaJILHO COOT-
BETCTBYET DelleHnio § ypaBHeHHsI Ha HENOJBUKHYIO TOUKY (8).

7. Teopema 0 HEMOJHOTE U AJTOPUTMUUYECKHE TPOLIEMBbI

ITonb3ysich M3/102KE€HHOI OOITEH CXeMOil JI0Ka3aTeIbCTBA TeopeMbl 1 €1eist, MOXK-
HO KOHBEPTHPOBATH B TEOPEMbBI O HEIIOJIHOTE JTIOObIE M3 W3BECTHBIX HEPA3PEITUMBIX
AJITOPUTMUYECKUX MPODJIEM B MaTeMaThHKe. B KadecTBe TUMWYHON HMJLIIOCTPAIIAN
PacCMOTPUM HECKOJIBKO IIPUMEPOB U3 apUMMETUKN U TEOPUH T'PYIIIL.

Jecsitast npobsema I'mipbepra: 10 nanHoMy nuogaHTOBY YPABHEHHUIO OIMpee-
JINTH, CYIIECTBYET JIX y HEro XOTsi ObI OJTHO IIEJIOYNCTIEHHOE PeIlleHne. DTOT IPUMeEp
OTHOCUTCS K apudMeTuKe U MOTOMY Hanbosee 6JIM30K K TPATUIIMOHHON BEPCUN TEO-
pembt I'émesst. OH HHTEpPECEH TEM, UTO JAET CAMYIO IPOCTYIO B JIOTUIECKOM CMBICJTIE
dopMy HE3aBUCHMMOTO yTBEpXKJeHUsl (JIJIsT CTAHIAPTHOTO sI3bIKA apu(METHKH).

B cuny Teopembr MartusiceBuda MHO2KeCTBO K BBIPA3UMO HEKOTOPOH JTMO(PAHTO-
Boit dopmysoit Buga 35 p(x, ¥ ) = q(z, ¥ ), re p, ¢ — MHOTOUJIEHBI C HATYDAJIbHBIME
ko3 durmentamu. Orpunanre 31oil GOPMYJIbI OlpeesisieT HellepedncauMoe MHO-
JKECTBO, OTKY/Ia JJIsl JTAHHON IepeYnCIUMOil HEIPOTUBOPEUNBON apudMeTHIECKOl
reopur T MBI TOJIydaeM KOHCTAHTY ¢, Jis KOTOpoil yrBepxkienue VI p(c,y) #
q(¢, ) ncrunHo, HO He jokasyemo B T. B paGore [53] Ha OCHOBE IpeIIIECTBYOIINX
pesysnbraroB JxK. JIxKomHca Oblia BhIIUCAHA SIBHO BIIOJIHE 0603puMas (popmyJia (jrer-
KO KOHBepTHpyeMas B AnohaHTOBY ), Jijisd KOTOPOi 310 BepHo. KoHcranTa ¢ Takxke
MO2KeT OBITh yKa3aHa siIBHO, €CJIM 3aJlaHa MamnHa ThopuHra, nmepeducismomas 1,
n PpUKCHpOoBaHa apudMeTn3aIus MAIHH T hIopuHTA.

Ilpobiema paserncrBa ciaos B rpymmax. Ilycts dukcupoBaHO 3aaHne HEKOTO-
poit rpymmbl (G KOHEYHONU CHUCTEMOM MTOPOXKIAIONINX JJIEMEHTOB U OIIPEIEJISIONNX
coorHomennit. i maHHoro ¢joBa w B TPYIIOBOM ajIdaBUTe

1

{alaal_ a"'7anaa;1}7

COCTOSIINEM U3 HOPOXKIAIONINX U OOPATHBIX K HUM, TPEOYETCsS OIMPEIeUTD, BBIIOJI-
HsieTcst i paBeHcTBo w = 1 B rpymme G. Kiaccuaeckuit pesysnbrar I1. C. Hosu-
KOBa [54] cOCTOMT B MOCTpOEHMM KOHEYHO 3aJaHHON Tpymmbl (G, JIsi KOTOPOH 3Ta
aJIrOpUTMUYecKas IIpobJieMa HepaspennMa.

C 1oMOIIbIO CTAHIAPTHON Té/eIeBOil HyMepaluu CJIoB B ajdasure rpynmnsl G
MBI MOKEM OTIPEJIETUTD B A3bIKE apU(MMETHKHU IIePEIUCTUMbIH HEPA3PEITUMBIi ITpe-
JIMKAT W =¢ 1, BBIpaXKaloIuii paBeHCTBO cjioBa w ejunauile B (G. B coorBercTBUmN
¢ obmieit cxeMoit Jijig 3aaHHOol (Iepednc/IMMOoil HeIPOTUBOPEYnBOii) Teopuu T MbI
MOTyJaeM KOHKPETHOE CJIOBO Wy 7#¢ 1, I KOTOPOTo 3TOT (haKT He JoKa3yeM B 1.
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HepacriozaaBaeMocTb HHBAapHAHTHBIX CBOHCTB I'DYIIIBI IO €€ KOHEYHOMY 3814~
auro. B cuty ussectHOl Teopembl Ansina—Pabuna (em. [55], [56]), nourn Bee HETPU-
BHAJIbHbIE MHBAPUAHTHBIE CBONCTBA I'PYIII HE PACIIO3HABAEMBI 110 UX KOHEIHBIM 3a-
JanusM. Hampumep, TaKOBBIM SIBJISIETCSI CBOMCTBO I'PYIIIBI OBITH N30MOPQHON €/11-
HUYHOI IpyIIIIe.

PaccMorpum ecrecTBeHHYIO Té/Ie/IEBY HyMEPAIIUIO BCEX KOHEUHBIX 33 [aHUN I'PYIIIL
TOPOXKJAONIUMI JJIEMEHTAMU U OIpee/IaiomuMu cooTHomeHusimu. Q6001mast mpe-
JBIAYIUI [IpUMEpP, Mbl MOYXKEM BBIPA3UTHb B S3bIKE apU(PMETHKHU T€PEIUCTUMBII
JBYXMECTHBII peaukar w =g 1, rme G — KOHEeYHOe 3aJlaHue TPYIIbI, a W — CJIOBO
B andasure G. Samerum, uT0o cBOficTBO (G 3a7aBaTh €IWHUYIHYIO T'DYIILY I€pe-
HCIIIMO, MOCKOJIBKY PaBHOCHIBHO yTBepxaenmo A¢(a; =¢ 1), tae a1, ..., a, —
nopoxkiatoriue rpynnsl G. Tem cambiM, CBOMCTBO HeeduHuuHocmy TPYIINBI HeTlepe-
YUCIMMO U BbIpasuMo apudmerniaeckoit 111-dopmyitoii. Obmiast cxema jroKa3aTeb-
cTBa TeopeMbl [€mentss s o60it mepedncaumoilt Teopun T’ m1aeT npuMep KOHETHO
3aJIaHHON Hee MHUYHON Ipymnbl G, HEEeIMHUYHOCTh KOTOPOH He JoKasyema B 1T
[IpU YCJIOBUU HEIPOTUBOPednBOCTH 1.

AHaJIOTUYHO CTPOATCsI IPUMEPHI KOHEYHO 3aJIaHHBIX OECKOHEUYHBIX I'pYIII, Oec-
KOHEYHOCTh KOTOPBIX He jlokazyeMma B 1; rpymn 6e3 KpydeHusl, JIJisi KOTOPBIX 3TOT
dakr He mokazyeM B T, u Tak gajiee. CHUCOK MOJOOHBIX IPUMEPOB MOXKHO IIPO-
Jokarh. Tak »Ke Kak M Teopema JelTwHA, OHM MaJIO J0OABJISIIOT HOBOTO K Ha-
meMy MOHUMAHUIO JIOKa3yeMocTu B (popMasbHbIX cucremax. C JIpyroit CTOpOHBI,
OHU JIEMOHCTPUPYIOT HAJUYHE HEJIOKA3YEMBIX (DAKTOB, KACAIOIIIXCS CAMBIX PA3HBIX
objiacTeif MaTeMaTHKU, B TOM YHCJIE U BECbMa JIAJIEKUX OT apU(PMETUKH.

Tunuunoe Hemokazyemoe yreepxKienne A umeer Bun “mamubiii 00bekT C 00J1a-
JaeT cBoiictBoM P”, mpm 3TOM CBOICTBO P MOXKeT ObITh MaTeMaTHIECKH OYEHD
ecrecrBeHHBIM. OJiHAKO KOHKpeTHbIe 00beKThl (', st KOTOpbiX A HeoKazyemo,
KaK IPABUJIO, JOBOJILHO BEJINKHU, MOCKOJBKY B OCHOBE NMPAKTHIECKH BCEX U3BECT-
HBIX [IPUMEPOB HEIIEPEIUCIUMBIX MHOYKECTB B KOHEYHOM UTOT'e JIEYKUT KOJIMPOBAHUE
nporpaMm (JI71si HEKOTOPOH yHUBEPCAJbHONW Mo Bbrauciennii). Ilomydaromme-
Csl IIPUMEPHI HEJI0KA3yEeMbIX yTBEP:KIEHUIl, COOTBETCTBEHHO, 3aBUCSIT OT JIOBOJILHO
6OJIBIINX KOHCTAHT. B CBOI ovepeiph 3TH KOHCTAHTHI 3aBUCSAT OT KOHKDETHOM Ié-
JIeJIEBOIT HyMepaluu IIpOrpaMM — HallpuMep, MalluH ThIOpUHTa — U TIOTOMY HE siB-
JISIFOTCsI HU B KAKOM CMBICJIE “KAHOHMYECKUME . DTO HECKOJBKO CHUKAET IEHHOCTH
TaKUX [IPAMEPOB C TOYKHU 3PEHUsi OOBITHON MATEMATUKH.

WHnrepecen BOmpoc O TOM, MOXKHO JIM BCE-TAKU HCIOJB30BATH ITH KOHCTAHTBHI
JUIS KAKOM-Jimbo cojepKaTeIbHOi Kiraccudukannn (hOpMaIbHBIX CHCTEM, HAIIPU-
Mep, 3ahUKCHPOBAB KAKYIO-TO KOHKPETHYIO “eCTEeCTBEHHYIO TéIe/IeBy HyMEPAIINIO.
ITomumo pabor YeitTnHa BbICKA3bIBAHUS HA ITY TEMY MOXKHO BCTPETUTDH U y JPYIUX
aBToOpoB, HanpuMmep B [53]. Paboraromme npumepbl Kiaccuduranuii Takoro poaa
aBTOPY JAHHOTO 00630pa He M3BECTHBI, OJHAKO MPUHIMIINAILHO 3TOT BOIPOC MOKA

MO2KHO CHUTAThb OTKprTI)IM.12

I2TTpumepst TOro, 9TO IPH HEKOTOPOM (HEECTECTBEHHOM) BBIGOPE I'é/Ie/IeBOl HyMEpaIuy B Teo-
peme YeiiTnHa BCe KOHCTAHTBI MOXKHO OOPDATUTH B HYyJ/Ib, ITOKA3bIBAIOT, YTO IOIBITKHA ITOJOOHBIX
KiaccuduKanuii He MOryT ObITh COBCeM HaumBHBIMU. OHAKO 3TO €Ie He UCKJII0YAET BO3MOXKHBIX
0oJiee CJIOXKHBIX PEIeHn 3aa4u.

4 YMH, 1. 65, BbIn. 5
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8. Maremarndyecku ecTecTBEHHbIE
IpUMEPbI HEAOKA3yEeMbIX yYTBEP2KIeHUIA

HeckoJibKO O-MHOMY OOCTOUT JI€JI0 C €CTECTBEHHBIMU IIPUMEPAMHU HEJIOKA3YEMBIX
YTBEPXKJIEHUI, KOTOpble ObLIN HaiifleHbl B TeX WJIM HHBIX ODJIACTSIX MATEeMAaTHKHI
Ha MPOTSI?KEHUU BCETO IePHoa MOCe OTKpbITHs [€1e/1eM CBOUX TeopeM.

CaMbIM 3HAMEHHUTBHIM IIPUMEPOM YTBEPKJEHUsI TAKOTO POJia ObLIa KOHTHHYYM-
runore3a Kanropa. HenporuBopeunBoCTh 9TO# I'MIIOTE3bI AKCHOMAM TEOPUU MHO-
xxectB ZFC 6buta tokazana [€nenem, a ee Hesmokasyemocts B ZFC — ITosiom Kosuom
(oba pesysbraTa npu yciaosuu Henporusopeunsoctu camoit ZFC). Buocsiencrsun
ObLIa YCTAHOBJIEHA HE3aBUCUMOCTHL OT akcuoM ZFC MHOIUX JPyrux yTBEp:KICHUI
B T€OpUM MHOXKECTB, 00IIeil Tormosorun u reopun GyHknmit. Bce aTu pesyabraThb
OBLIN TIOJTyYeHbI Ha OCHOBE JPYTUX, O0JIee TIIyDOKIUX METO/IOB, CBA3AHHBIX CO CITEIU-
dbuKoil TeopuM MHOXKECTB. B 9acTHOCTH, €CTeCTBEHHBIE HE3aBUCUMBIE Y TBEPKICHUS
B TEOPUU MHOXKECTB CyIIECTBEHHBIM 00Pa30M CBSI3aHBI C OECKOHEYHBIMIA MHOXKECTBA~
MM, YTO TPUHITUIUAIHHO OTJINIAET UX OT T'€/IEJIEBCKAX HE3ABUCUMBIX (DOPMYJI, UMe-
fomuX (OUHUTHBIH 3 (1 BEIPA3UMBIH B A3BIKe apuMMETHKH) XapaKTep.

EcrecrBennbie MmaTemaTnaeckne yTBepKIieHnsl (PUHATHOTO — KaK IIPABUIIO, KOM-
OMHATOPHOIO — XapaKTepa, HE3ABUCUMbBIE OT CTAHIAPTHBIX JIOTUIECKUX TeOpuil, ObI-
Jin OOHAPYKEHbI 3HAYUTEJIHLHO 1I03kKe. B KadecTBe TEOpuUil Ipu 3TOM PACCMaTPUBA-
nuch apudmernka [leamo PA, mpeaukaTusHas apudmeruka BToporo mopsaaka ATRg
i jiazke teopusi MuoxkectB ZFC BMecTe ¢ HEKOTOPBIMU aKCHOMaMU OOJIBINUX Kap-
auHaaoB. Kaxxiplit npumMep (pUHUTHOrO HE3ABUCUMOI'O YTBEPIK/I€HNS OCHOBBIBAETCS
Ha TVIyOOKOM aHaJ/IiM3e KOHKPETHOI paccMaTpuBaeMoil (popMaJsibHON CHCTEMBI M He
0000IIIaeTCsI Ha IPOM3BOJIbHBIE IIEPEUC/IMMbIE TEOPUKU. B 3TOM CMBIC/IE 371eCh pedb
UJeT O pe3yJbTaTax JPYroro, Hezédeneécrkozo mund.

OTMeTI/Il\/I7 YTO U3 TaKUX PE3YJ/JIbTaTOB BbITEKa€T HEIIOJIHOTa PAla BaKHbIX KOH-
KpeTHbIX Teopwuil, HarpuMep PA uiu naxe ZFC, onHako HEBO3MOXKHO BBIBECTH (DAKT
UX NPUHUUNUAALHOT HENONOAHAEMOCTNU, T. €. IEpBYI0 TeopeMy [€es B TOI crerre-
HU OOIIHOCTH, KOTOPYIO gaji cam [ émenb. Tem He MeHee, Takast oTepsi B OOIHOCTH
C JIMXBOU KOMIIEHCUPYETCSI €CTeCTBEHHOCTHIO YTBEPXKJIEHUN, HE3aBUCUMOCTb KOTO-
PBIX yCcTaHABJIMBAeTCsi. HuKe MbI OIUIIEM JIUIThL HEKOTOPBbIE HANOOJIEE M3BECTHBIE
[IPUMEPBI TAKOTO POJA, OJTHAKO CKOJIBKO-HUOYIb MOIPOOHBIT 0030D 9TON TeMBI BBIXO-
JIAT JAJIEKO 38 PAMKH JIAHHO craThbu (B KA9eCTBe JOCTYIHOrO BBEICHUS B IIPEJIMET
MOKHO PEKOMEHJI0BaTh, Hanpumep, [57]).

Ilpunmnun Ilapuca—Xappuarrona. OaHuM W3 HepPBbIX U HauboJiee BIEYATIISIO-
MUAX MPUMEPOB MATEMATUIECKU €CTECTBEHHOrO (PUHUTHOTO HE3aBUCUMOI'O YTBEP-
JKJIeHUsI ObLI TaK HasbIBaeMblil npunuyun Ilapuca—Xappuremona, 0600IIAONINiA KO-
HevHy0 TeopeMy Pawmcest n HaiijieHHbli B pabore [58].

k

O603HauMM uepes [X|® MHOXKeCTBO Beex k-371eMEHTHBIX [OJMHOYXKECTB KOHEUHOTO

MHOX)KecTBa X, a uepes | X | ero momuocTh. B kadecrBe X Mbl OyjieM paccMaTpuBaTh

137 e. dopmymupyemblii 6€3 HCIIOIb30BAHUA GECKOHEYHBIX 00BHEKTOB; MbI YIOTpeG/IAeM 3/eCh

cJ10BO “duHUTHBII’ B 6osiee c1aDOM CMBICTIE, 9€M 9TO IPUHATO B PAMKaX 0OCYKJEHUs ITPOTrPAMMbI

I'nnnbepra.
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HAYAJBHBIA OTpe30K HarypasabHoro psga {0,1,...,n — 1}, obosHauaemserit n. Pac-
CMAaTPHBAIOTCS pacKpacku MHOxKecTBa [X ¥ B ¢ mBeros, T.e. bynkmun f: [X]F — c.
ITonmuoxkectBo Y C X HasbiBaercs f-odnousemmvim, eciii orpaHudeHue (pyHK-
mmm f wa nommuoxkectso [Y ¥ C [X]F nocrosamo.

Knaccuaeckas treopema Pamcest yrBepzkmaeT, ITO 1 KaxKIbIX ¢, k, m HafigeTcs
Takoe 1, 4TO Jyiso Jr060i packpacku f: [n]f — c maiizerca ommomsernoe Y C n,
st kKoroporo |Y| = m. Xopomo n3BecTHO, 9TO 9Ty TeopeMy MOYKHO (hbOpMaIn3o-
BaTh U JoKasaTh B apudmernre [leano PA mim naxke B 6osiee caaboit IPpUMUTHBHO
PEKyPCHUBHOI apudMeTHKe.

IIpunnun [Tapuca—Xappurrrona PH orimgaercs ot 9T0it TeOpeMbI JIUIIH JOTIO -
HUTETLHBIM TpPeOOBaHMEM Ha OJHOIBETHOE MHOXKeCTBO Y C n B ee 3aK/IIOYCHUN:
nomumo |Y| = m poskaO 6611 BemoaneHo |Y| > min(Y). Tak ke Kak u Kiaccu-
qecKas TeopeMa, STOT MPUHIIAT JIETKO BBIBOJAUTCS U3 OeCKOHeYIHO# TeopeMbl Pamcest
Ha OCHOBE COODpaskKeHHil KOMIIAKTHOCTH. Tem 6ojiee yJIMBUTE/BHO, YTO, KAK IOKa-
zasu [lapuc u Xappunrron, npunnun PH yxke ne mokazyem B apudmeruke Ileano.

Tlomumo mpunnuna Ilapuca—Xappunrrona, ajias apudmvernkn [leamo m3BecTHO
€I11e HECKOJTbKO XapaKTEPHBIX HEBBIBOINMBIX HCTHHHBIX KOMOMHATOPHBIX Y TBEPIK Te-
Huit: “mocnenosarenbHOCTh [yzcreitna’, “urpa ‘Tepaka w Tuapa’” [59], “mpusmun
Kanamoprn—Makanyna” [60], “npuanun Yepss” [61], [62] u apyrue. Bee stu npus-
IUTIBI C JIOTUYIECKO TOYKM 3pEeHUsT PABHOCUJIBHBI yTBEPKIACHNIO 00 1-HEIIpOTUBOpE-
qupocTu apudmMeruku PA u noroMmy J0Kasyembl B 60jiee CHJIBHBIX TEOPHUSIX, TAKUX

kak ATRy u ZFC.

@uuurHblii BapuadT Tteopembl Kpyckasa. Hambosee mzBecrHblit npumep du-
HATHOI'O KOMOMHATOPHOTO yTBEpXKjeHus, He3apucumoro or teopun ATRg, cBsizan
¢ Teopemoii Kpyckasia o gepeBbsix. 910 yTBep:KIeHne 66110 Halineno Xapsu Opur-
MaHOM 1 onybJInKoBaHO B pabore [63].

Byznem pacemaTpusaTh KoHeuHbIe iepeBbst (T, <, inf) Kak 9acTUIHO yIIOPsI0UeH-
Hble MHOXKECTBa ¢ oreparueii inf, comocrapsroreii sjieMenTam &,y € T UX TOYHYIO
HIKHIO Tpadb inf(z,y). Hazosem 2omeomopdrovim eaooceruem nepesa T B ne-
peso Ty mabekTusHOE oToOpaxkenue f: Ty — Th, coxpansiomee inf (u TeMm caMbiM
ornomenne nopsyka): f(inf(z, y)) = inf(f(z), f(y)).

Teopema Kpyckaisa, B mpocreiinieit ¢popme, COCTOUT B TOM, UTO JIjIst JIIOOO0it Hec-
KOHETHOI TI0CJIe/I0BATEIbHOCTH KOHEUHBIX JlepeBbeB 1g, 11, ... HAlyTCs Takue UH-
JleKcel ¢ < j, uro 1 romeoMopduo BaozkuMO B 1. OTMeTHM, 4TO 9TO yTBEpXKICHHE
HE sIBJIsIeTCs] (DUHUTHBIM, TaK KakK alleJIJInpyeT K IPOU3BOJIBHBIM OECKOHEYHBIM I10-
CJIEIOBATENILHOCTSM (KOHEUHBIX JIEPEBBEB).

Paccvorpum caemyioriee puruTHOE caegacTBue TeopeMbl Kpyckama. s a060-
ro m Haiimercsa n Takoe, uro ecau 1y, 711, ..., T, — MOC/IeI0BATETLHOCTh KOHETHBIX
JIepeBbeB, B KOTOPOit KaxKjoe jiepeBo T mmeeT He Oosiee m + k BepiuH, 10 T; T0-
MeOMOP@HO BJIOKUMO B 1)j JijId HEKOTOPBIX ¢ < j < 7M. ODTO YTBEpPXKJIEHUE JICIKO
BBITEKAET U3 TeopeMbl Kpyckasia 1o coobpaskenusiM komrakTHoctu. C apyroit cro-
POHBI, KaK Mmokasaj Ppuaman, oHO BiedeT l-HemporuBopeunBocTh ATRy 1 moromy
e jnokazyeMmo B ATRg B cuy Bropoii Teopembl [€nesss. @arruyuecku, (puHUTHAS
dopma Teopembl Kpyckasia BBIXOIUT JIOCTATOYHO MajeKo 3a pamku teopuu ATRg.

4*



100 J1. JI. BEKJIEMUIIIEB

B paborax [64] u [65] mosyduena Tounasi xapaxrepusarys GECKOHETHON U KOHEd-
HOIt Teopembl Kpyckasia B TepMHUHAX TEOPETUKO-II0KA3ATEbCTBEHHBIX OPJIMHAJIOB
u Geicrpopacrymux dbyakuuii. (TouHy rpaHnIy jJaeT Tak HA3BIBAEMbIH MaAbI
opdunas Bebaena n dyHKIMST paciiupeHHOM nepapxun [ 2Keropunka ¢ COOTBETCTBY-
IOIUM WHJIEKCOM. )

Opuaman TakKe Hammes 60Jee CUIbHbIE (PUHUTHBIE KOMOMHATOPHBIE yTBEPIKIe-
HUSI, aHAJOTMYHBIE TeopeMe Kpyckasa, CBA3aHHBIE CO CHENUMUICCKAM ITOHATHEM
BJIOXKEHUS (TAK HA3BIBAEMBIM 297-8A0JCEHUEM) IIJIS IOMEYEHHBIX KOHEUHBIX Jepe-
BbeB [63]. UI3BecTHBI U Apyrue aHAJOTUYHBIE IO CUJIe UHTEPECHbIE KOMOMHATODHDIE
MIPUHITATIBI, HAIIPUMEpP, TaK Ha3biBaeMas “‘Tuapa Byxrosbia’, obo0ImamoIas urpy
“Tepaks n M'mapa” Ha nmomeveHHble epeBbs [66].

@unnrHble yTBepKAeHUsI, He3aBucuMbie or ZFC. B nociemyrorue ronst @pus-
MaHOM OBLI TOJIYYEH IEJbI PsiJi HOBBIX (PUHUTHBIX yTBEPXKJICHUIl, HE3aBUCUMBIX
oT Bce Dojiee CUIBHBIX Teopuii, B ToM uucie u st ZFC BMecTe ¢ HEKOTOPBIMU aK-
cruoMaMu GOJIBIINX KAPAUHAJIOB. (DTH yTBEPXKIEHUS JOKA3YEMbI B IPEIIOJIOKEHUN
Apyrux, 6ojee CUIbHBIX, AKCUOM OOJIBIINX KAPIUHAJIOB.) JacTb 9TUX PE3yJIbTaTOB
ory6simkoBana B [67], oHaKko 6oJIbIIast 9aCTh JOCTYIIHA JIUIIb B BUJIE IPEABAPUTEI b
HBIX coobmmenuii (cM. [68]). YAnBHTENbHO, 9TO B OTIIMIHE OT TP/ TUIHOHHBIX DE3YIIb-
TATOB O HE3ABUCUMOCTHU B TEOPHH MHOXKECTB 9TU YTBEPXKJIEHUS [IEJUKOM (PUHATHBI,
OJIHAKO JIOKA3yeMBbI JIUIIb U3 OY€Hb CHJIHBHBIX T€OPETHKO-MHOXKECTBEHHBIX IIPEIIIO-
JioykeHnit, Beixomsmux 3a pamku ZFC. Bosiee Toro, B omyimdne oT BceX yIOMSIHY THIX
BBIIIIE TPUMEPOB ‘‘MaTeMATHIECKONW HEMmoMHOTH , OpuMaH TPUBET IPUMEpPhI eCcTe-
cTBeHHBIX He3aBucuMbIXx or ZFC yrBepxkiennii ciaoxxuoctu I1; B apudmernaeckoit
uepapxum. DTH IPUMePHI [I0Ka TaK¥Ke JHIIb 00bsaBIeHsl [68; Ne 49-51].

9. HpI/I.T[O)KeHI/Ie: OTHOCHTeJIbHbI€ MHTepIIpeTalnun

CHavasna MBI JaJUM OIpeJeJIeHrne MHTepuperamuu Mojeau M curHarypsr 0 B
Japyroi momesn N curHATYpbl Y. 3aTeM Mbl ONPEJeTUM WHTEPIPETAIMH MEXK LY
Teopusmu. Haime onpejiesieHne HHTEPIPETAIIA JIOBOJBLHO OOIIEe U JIOMYCKAET IIa-
paMeTphl, HHTepIpeTanuio oobekTos & € M nabopom oobekrTos & € N* u umrep-
[PETAIMIO PABEHCTBA B M OTHOIIEHHEM KOHIDYIHTHOCTH.

TosopumM, uTo 3a7an nepecod I curuarypsl ) B CUTHATYPY X, €CJIM

1) nana dopmymna Dy(Z, ) curaarypsl ¥ (HaGopbl £ U J UCUEPIIBIBAIOT BCE CBO-
6oamble TIepeMenHbie hopMysibl D U MOIYT MMETh Pa3Hyo JIMHy k U m cOOTBeT-
CTBEHHO);

2) KaxKJOMy CHMBOJIY CUTHATYDBI {) comocrasiieHa GopMyJIa CUTHATYPBL X COOT-
BETCTBYIONIEH BAJEHTHOCTH:

P PI(flw"afnvﬁ)a
f '—>F1(f1,-..,fn,?j,ﬁ)7
CH— C] (57 ﬁ),
rie P, f — n-MecTHBIE IPEIUKATHBIN U (DYHKITMOHAIBHBIN CUMBOJIBI, 8 ¢ — KOHCTAHTa

u3 ). (Bce HabOPBI IEpEMEHHBIX T'; UMEIOT JyuHy k, a P — jjauny m.) B gactaOCTH,
cUMBOJIY paBeHCTBa B () coorBercrByeT hopmyna =; (&, ¥, P) B curuarype X.
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Pacemorpum mr06yto Mogens (N €) CUrHATYDBI X € BBIJEJIEHHBIM HAG0POM KOH-
craur €. ITepeson I onpenensier 3 N¥ MHOXKecTBO

M; ={de€ N*: Nk D;a,ce]}
BMeECTE C 3aJaHHBIMHI Ha HEM IpeJuKaTaMN PI, FruCru=y.

OnPEAENEHUE 10. st mamnoro € mepesos I ects unmepnpemavyus M 6 N,
€CJIM BBIIOJTHEHBI yCIOBHA:

1) =; (&, 7, €) ynosnersopsier B M| akcuoMaM paBeHCTBa JJId CUCHATYDHI {1, T. €.
olpeJe/igeT OTHONICHHE KOHIPYSHTHOCTH Ha M;

2) mpenukarel Fy u C; onpenensior Ha MHOXKecTBe M) 1o Momymo =; (yHK-
U0 f7 U KOHCTAHTY C; COOTBETCTBEHHO;

3) momens (My; Pr, fr,c¢r)/ =1 nsomopdua M.

Habop koHCTAHT €, J7IsT KOTOPOTO BBIIOJHEHBI 9TU YCJIOBHs, HA3BIBAETCS Jony-
cmumoLm It TaHHoi mHTepuperanun . WaTtepuperanusi I umeer onpedesumoie
napamempoy, €Cau Jys HekoTopoit dopmysier Pary () curHaTypsl X MMeeT MecTo:

1) N E 3% Par;(Z);

2) ecin N FE Par[€], To mabop € momycrum mys I.

Dopmyny A GyzeMm Ha3bIBATh Yynpousertoti, €CIM BCAKas aTOMapHas HoA(opMy-
na, Bxogsimas B A, umeer Bug P(x1,...,2y), f(21,...,2,) = y wm ¢ = x, Tae
T,X1,..., Ty, Yy — HepeMeHHble, P u f — npeaukaTHbI 1 (DYHKIMOHAILHBI CUMBO-
JIbI CUTHATYPBI, & ¢ — KOHCTaHTa. XOPOIIO U3BECTHO, YTO BCsIKas (hOPMyJia B JIOTUKE
[EPBOrO TOPSIJIKA IKBUBAJCHTHA HEKOTOPOH yIPOIIEHHON (hopMyJIe.

ITycrs I — mepesoy curHatypsl ) B X. Kaxoit nepemennoii  (si3pika €2) co-
HoCTaBUM CBOJ HABOp TepeMeHHBbIX I (s3bIKa ) numHbl k. Oupejiesnm mepesos
Al(#y,..., %, ) ynpomennoit dopmynst A(zy,...,T,) cUTHATYpPBI §) HHIyKIHeit
10 ITocTpoeHuIo A:

7 def

(i) P(x1,...,2n) Pr(Z1,...,Tn, D),

(c=z)! &C, 7, 7)1 F(@1,. .y Tn) = Y S Fy(T1,. .., T, §,5);
(i) (=A)T &5 ~AT, (AAB)T &5 (AT A BT),
(iii) (V:CA(J:))I &L vz (Dr(2,75) — AN(Z, 7)),

(iv) (Fz A(2))" <= 3z (D1(7,5) A AL(F, 7).

ITepeBoioM Ipou3BoIIBHOI (DOPMYJIBI A cUTHATYPBI {2 CUUTaeM IepeBO/T SIKBUBAJICHT-
HOI1 eii ypoleHHo#i popMyJibl. dTa POpMyJIa OIIpe ie/IeHa OJHO3SHATHO C TOYHOCTHIO
JIO JIOTUYECKOM SKBUBAJIEHTHOCTH.

[Iycts I(a) osHauaeT smement muoxkectBa M; C N coorercrsytrommit a € M
npu uaTepuperannn I moxemu M B N. Muaykuueii mo mnocrpoennto A mosydaem
CJIeJIyIOIIIee IIPeIJIOKEHNE.

IIPEAJIOXKEHUE 4. /Jlas 410600 dpopmyave A cueramypot 2, A06vxz donycmumoix
€€ N u awbvr a,...,an € M

ME Alay,...,a,] <= NEA[I(a1),...,1(an),€].
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O6oznaunm vepes Th(N) MHOXKECTBO BCeX NPENJIOKEHUl, MCTUHHBIX B MO-
nesm M.

CJIEJICTBUE 6. Ecau M unwmepnpemupyema 6 N ¢ onpedesumvimu napamem-
pamu u meopus Th(N) paspewuma, mo maxosa u Th(M).

JOKABATEJBCTBO. s nannoro upemajioxkenuss A B a3bike M umeem
MEA < N #Vﬁ(Parl(ﬁ) — Al(ﬁ)).

Taxum 06pa3oM, 11t TPOBEPKH BBITOJIHIMOCTH GopMyJibl A B M mocTaTodHo mpo-
BepuTh BbmoHnMocTs Vi (Pary(5) — A(p)) B Mmogemn N.

IIycts mamer Teopus T B curnarype () u U B curnarype X. Cuwmraem, uro T
3a/IaHa MHOXKECTBOM AKCHOM, SBJISIIOIUXCS 3aMKHYTBIMU (DOPMYIaAMUA.

ONPEAEJEHUE 11. IlepeBox I ¢ ompeaenMbIMU TapaMeTPaMU €CThb UHMEPnpe-
mayua meopuu T 6 U, ecn

1) U + Par;(p) — AL(p) nna moboit akcrmomsr A € T

2) U + Pary(p) — 3% Dy (Z,D);

3) U+ Par(p)

4) U + Pars(p) — (Va:l...acn Ny f(z1,...,zn) = y)I s (pyHKIIMOHAIBHBIX
cuMBOJIOB f u3 (1;

— Bl(p ), tie E — akcuoma paBeHCTBa Jist CATHATYPHI §);

5) U F Par;(p') — (3'z ¢ = x)! ana xoucrant ¢ uz Q.
Teopus T' unmepnpemupyema ¢ U, eciau cymecrByer nunrepuperarus 1 B U.

Taxum obpaszom, B m1060it Momesin N Teopun U npu BbIOOpE TAapamMeTpOB, YIO-
BJeTBOpAOmMuX ycaosuio Pary, mepesos I ompenenser Moaenb Teopun 1.
Wupykimeit o jymae BIBOIA (GOpMYJIbl A TorydaeM ciieyroniee mpeJijIoyKeHue.

[TPEANIOKEHUE 5. Ecau I — unmepnpemavus T ¢ U u T F A, mo
U -V (Par;(§) A Di(,5) — Al(Z,7)).

CHEOCTBUE 7. Ecau T urwmepnpemupyema 6 U u meopus U wenpomuesopevwusa,
mo maxoea u 1.

DTOT pe3yJIbTaT YCTAHOBJIEH 3JIEMEHTAPHBIMYU (CUHTAKCUIECKUME) METOJIAMU, He
ONMPAIOIUMICS Ha TEOPUIO MHOXKECTB. 3aMETHM, UTO JOKA3ATEIbCTBA HEIIPOTH-
BOPEYNBOCTH, OIMPAIOIINECS Ha CYIIECTBOBAHUE MOJIEJIM, KaK IPABHUJIO, BBIXOJAT
33 PaMKH JIEMEHTAPHBIX METOJIOB, TaK KaK OOBIMHO MOJIEJIN SIBJISIIOTCS OECKOHEeY-
HBIMHU U CTPOSITCSI B paMKaX TeopHHM MHOXKecTB. MeToj; nHTepuperamnuii 1o3BoJis-
eT M30aBUTHCSI OT HEHY’KHBIX T'HMIIOTE3 O CYIECTBOBAHMN OECKOHEYHBIX MHOXKECTB
U NpUBOAUT K “DUHUTHOMY” CBEJIEHHUIO OJIHOI TEOPUHU K JIPYTOil. DTUM CIIocoOOM
MOXKHO YCTaHOBHUTH, B YACTHOCTH, HEIIPOTUBOPEYMBOCTH JIEMEHTAPHON I'€OMeTPUH
JI06at1eBCKOTO OTHOCHTEIBHO 3JIEMEHTAPHON eBKJIMIOBON T€OMETPHH, HEITPOTHBODE-
YUBOCTHh KOHTHHYYM-THIIOTE3BI, TaK K€ KaK U €€ OTPHUI[AHUs, OTHOCUTEIHLHO TEOPHUH
mHuOKecTB ZFC u npyrue BasKHBIE PE3yJIbTATHI.
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